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The effect of magnetostatic interactions on the magnetisation structure and magnetic 
properties of magnetite grains for the size range 0.03 - 0.15 microns has been exam-
ined. 
The understanding of magnetostatic interactions is important because magnetite that 
occurs naturally by some precipitation process and in sedimentary rocks containing 
magnetosomes may form as magnetostatic interacting clumps of grains. This has im-
plications in the way we perceive magnetic signals are recorded in rocks, bacterial 
magnetosomes found in sedimentary rocks, and also in magnetic recording media. 
The examination of magnetostatic interactions has been achieved by using a three-
dimensional micromagnetic model which considers arrays of 4x4x4 cubic magnetite 
grains with uniaxial shape anisotropy and arrays of 6x6 or 4x4 cubic grains, arranged 
analogous to arrays of particles that may be produced by a method of electron beam 
lithography. 
The grains have a maximum spacing of one grain width, when they are seen to be non-
interacting; or a minimum where they are almost touching, when they are interacting. 
Using this method it is possible to see how grain interactions alter the magnetic domain 
structure of uniform and non-uniform grains. The effect of interactions on bulk prop-
erties, such as coercivity and remanence can be examined from simulated hysteresis 
cycles. Properties are examined when the grains are arranged within the arrays such 
that their easy axes of magnetocrystalline anisotropy are aligned parallel with every 
other grain in the array, and in the case where the axes are in a randomly differing 
orientation from every other grain within the array. 
Hysteresis parameters for non-interacting and interacting arrays of grains are calcu-
lated, and these theoretical values are compared with previous theoretical micromag-
netic models and experimental work. The results from this study are in good agreement 
with previous work. 
The observed effect of magnetostatic interactions on domain structure is to make non-
uniform grains more uniform, due to interactions aiding the alignment of individual 
grain's magnetisation directions with easy-axes. In addition, interactions will rotate 
magnetisation directions in such a way as to aid flux-closure of the entire ensemble 
When grains are aligned such that their axes of magnetocrystalline anisotropy are in 
randomly differing orientations from every other grain in the assemblage, it is found 
that interactions between grains will decrease the saturation remanence and the co-
ercive force. However, when there is a large volume of interacting grains and they 
are arranged so each grain's easy axes are oriented in the same direction, the effect 
of inter-particle magnetostatic interactions is to increase the remanence and coercive 
force. In this case, the effect of interactions is to increase the recording ability of a 
grain, and the field required to switch it's magnetisation. 
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The magnetic properties of materials have been behind so many of human-kinds great-
est achievements. Arguably, without them, we would never have been able to navigate 
over the ancient seas, further our geographical horizons, and hence broaden our per-
ception of this planet as flat, to a notion of a round world. Magnets form an integral 
part of many machines we use today, from washing machines to computer screens, 
from all important data storage, to the huge magnets used in particle accelerators to fo-
cus electron and positron beams so they collide into each other and give us an insight 
into the smallest things in our universe. 
Early Magnetic Theory, Paleomagnetism and Rock Mag-
netism 
Probably the first link between geology and magnetism can be thought of as the dis- 
covery of the lodestone. This naturally occurring magnet gave the ancients an insight 
into the geomagnetic fields present, but it was not until the thirteenth century that it 
1 
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became known to the premier thinkers within European circles. In the seventeenth 
century, William Gilbert gave us his De Magnete, in which he compared the field lines 
surrounding a spherically shaped lodestone with that of those surrounding the Earth. 
By the nineteenth century the inclination and declination of the Earth's magnetic field 
was observed at many points around the world, giving us a wealth of accumulated data 
to contend and interpret. In the early twentieth century, the first measurements of natu-
rally magnetised substances were carried out, which revealed that particular lavas over 
a certain age were magnetised in an opposite direction compared with more recent 
lava extrusions. This gave birth to the theories of geomagnetic reversals, polar wander 
and formed the basis for a geomagnetic polarity time scale. Also around this time, the 
theory of ferromagnetism was being conceived. 
Weiss (1907) proposed that a ferromagnet contained within it regions that were spon-
taneously magnetised in the same direction with a magnetisation M. (figure 1.1). 
(a) 	 (b) 
Figure 1.1. Domains.(a) shows the atomic moments within a small magnetic particle (typi-
cally less than 0.05 p m) all being aligned in the same direction as the arrow. As the particle 
gets larger, as in (b), the moments are aligned in regions called domains. The direction of the 
moments within each domain is such as to minimise the magnetic energy within the particle 
and maintain maximum flux closure 
Within the entire volume of the ferromagnetic solid, there are enough regions with 
differing directions so that the net magnetisation of the ferromagnet is such that they 
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almost cancel out. However, under the application of even a small external fields, these 
regions will rotate in the direction of the external field, or enlarge (figure 1.2). This 
was the beginning of domain theory, as these regions came to be known. 
no field 	 moderate field 	stronger field 	 saturation 
/ I I 
Figure 1.2. Ferromagnetic domains and the effect of an external field. Initially, reversible 
domain wall movements allow domains more favourably magnetised to grow at the expense 
of others. For stronger applied fields, there are even more movements of domains walls until 
saturation is reached and all the moments align parallel with the external field. 
The source of the magnetic moment within a material was conceived by Heisenberg 
(1928). He described the atomic magnetic moment to be due to the exchange coupling 
of the orbital electrons within an atom. 
Confirmation of the existence of domains was seen indirectly by means of the Barkhausen 
effect (Barkhausen 1919), as seen in figure 1.3. Here, it was thought that discrete 
changes in the magnetic induction were due to sudden discontinuous motions of the 
magnetisation direction within the domains, although it is now attributed to a discon-
tinuous domain boundary (wall) motion. More directly, evidence of domains was seen 
by Bitter (1931), in which a very fine magnetic powder suspended in a carrier liquid 
(colloid) is spread over the surface of a material. The magnetic particles are attracted 
to the areas on the surface where there is a strong flux enabling features such as domain 
walls to be seen. 
Landau and Lifschitz (193 5) showed that domains exist as a consequence of the energy 
minimisation of the material's magnetisation. A single domain (SD) specimen has a 
large magnetostatic energy (due to dipoles), but the division of the magnetisation into 
localised regions provides a means of flux closure within the sample, hence reduc-
ing the magnetostatic energy. Landau and Lifschitz, without any prior experimental 
knowledge, showed that there was a theoretical reason for the formation of domains 





Figure 1.3. Barkhausen Effect. Discontinuities in the magnetisation curve are visible when 
amplifying the signal 
within a fenomagnet. Providing that the energy required to form domain walls is 
less than the magnetostatic energy, a multi-domain (MD) sample will form. Domain 
walls are the transition zones between domains where the atomic magnetic moment 
changes direction gradually over several hundred lattice spacing ( a lattice spacing 
typically 10 10m). They were first suggested by Bloch (1932). In a Bloch wall, the 
magnetic moment may typically change through 1800  and rotate out of the plane of 
magnetisation. However, it is noticed that in thin films below a certain thickness, it is 
energetically favourable for the moments to rotate within the plane of magnetisation, 
known as a Mel Wall (Mel 1955) (figure 1.4). 
These early ideas, theories and experimental observations are the corner stones of mod-
em rock magnetism and fine particle magnetism, and the fundamental starting points 
for much research, like the present work. 
The theories of rock magnetism and ferromagnetism evolved more or less indepen-
dently. In their laboratories, Koenigsberger (1938), Thellier (1938) and Nagata (1943) 
tried to understand the processes by which igneous rocks acquired a natural remanent 
magnetisation (NRM). They heated lavas, clays and bricks and gave them a magneti-
sation by applying a weak, external magnetic field whilst they cooled - analogous 




Figure 1.4. Domain wall types in ferromagnets. (a) shows a Bloch type domain wall. The 
magnetic moment rotates out of the plane. A typical Bloch wall thickness is - 65nm. When 
the material thickness is sufficiently thin, the magnetic moments will rotate within the plane as 
in (b), a Mel type wall. 
to an extruded lava cooling under the influence of the Earth's magnetic field. They 
found that the magnetisation the sample acquired was always parallel to the direction 
of the acquired field and proportional to the direction of the applied field. This thermo-
remanent magnetisation (TRM) was to become an accurate method of discovering the 
the Earth's paleo-magnetic field. Another feature of TRM was noted by these pioneers 
of rock magnetism. They observed that a sample could acquire a partial TRM, that is 
TRMs acquired in different temperature intervals will be completely independent from 
one another, which was explained by Néel as a consequence of a sample containing 
many grains of different sizes and shapes. Thus, each grain would have a particular 
blocking temperature, Tb, at which when heated through, the magnetisation would dis-
appear. Because a rock would contain a vast number of grains of differing sizes and 
shapes, we would observe a continuas distribution of blocking temperatures. Single 
domain grains are the only sort of grain that will exhibit a unique blocking temper -
ature as the grains must change their magnetisation by rotation (as shown by Stoner 
and Wohlfarth 1947). This becomes a more complex problem when we start to con-
sider MD grains, as the magnetisation will now change direction by the movement of 
domain walls, and so these particles are obviously less well suited as paleomagnetic 
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recorders. Stacey (1962,1963) put forward a hypothesis that there was a type of MD 
grain with SD characteristics - the pseudo-single domain (PSD) grain whose grain 
size was most commonly associated with those we observe in rocks. The PSD grain 
has therefore become of great importance, and the focus of most rock magnetic work. 
Much modem research has focused on the domain structures of magnetite, the most 
common mineral of paleomagnetic importance, which is a ferrimagnet. The properties 
of ferrimagnets are very similar to those of ferromagnets, and it was not realised for 
many years that there was actually a distinction (Néel 1948). 
Recent Developments - a brief overview. 
The analysis of the magnetic properties of ocean floor basalts either side of mid-ocean 
ridges has allowed us to confirm one of the most startling and (at the time) contro-
versial theories developed in geoscience. The concept of continental drift and plate 
tectonics needed a piece of irrefutable evidence to confirm its predictions. This is 
where paleomagnetic studies scored a major success. It was already known from the 
earlier experiments performed by Thellier, Koenigsberger and Nagata that some ig-
neous rocks had a different direction of NRM from others. Analysis of ocean floor 
basalts either side of a spreading ridge gave the evidence required - regions were mag-
netically striped, with bands of basalts corresponding to the same extrusion having the 
same direction of NRM, and on radiometric dating, having the same age (figure 1.5). 
Thus, the history of the spreading ridge and the subsequent plate motion could be read 
by correlating regions either side of the ridge with the same direction of magnetisa-
tion. Areas with opposing directions of NRM also supported theories of geomagnetic 
reversals. Today, the fidelity of magnetic recording is as important as ever, with Earth 
scientists requiring a sound theoretical background as to the recording mechanism in-
volved, from which they can accurately make predictions about the Earth's paleomag-
netic field, or deduce environmental change from magnetic measurements taken from 
lake cores, for example. 
Igneous rocks are not the only natural carriers of a remanence important to paleo- 
magnetic studies. Sedimentary rocks that have igneous or metamorphic rocks as their 
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sources will have a detrital and post-depositional remanent magnetisation. As the fine 
magnetic particles are deposited and settle, they will rotate to align themselves with 
the ambient field - the Earth's geomagnetic field. Also we find that there is a contribu-
tion to the field of certain sediments by biogenic magnetic minerals (figure 1.6). These 
are essentially minerals precipitated by a bacteria. The structure, size, alignment, and 
grouping in chains and clusters of such biogenic grains (magnetite in particular) is of 
considerable importance, since they can be fossilised in sediments and be the main 
carriers of signals in deep sea sediments. 
Areas of oceanic crust with opposite 
directions of NRM 	 Spreading ridge centre 
lOOs of km 
Figure 1.5. Mid-ocean ridges and magnetic striping. Either side of a spreading ridge we 
see linear bands of basalt that have opposite directions of NRM. This evidence is gathered 
from actual samples or by measuring the associate magnetic anomaly produced. Areas on 
either side of the ridge can be correlated to provide a magnetic time scale for the opening of 
seas and continental drift 
Earth science aside, there is a large commercial interest in the properties of ferro-
magnets. With the increase in demand for high quality data storage, everything from 
domestic audio recording to high density computer discs, the ability to produce a high 
fidelity recording media that has a reasonably long life time and can be re-recorded 
again and again is becoming more important. The recording industry's requirements 
for a high fidelity recording read very much like those of a paleomagnetist - they both 
require the magnetic particles to be single domain grains, isolated from each other so 
there are little or no inter-particle interactions to interfere with the alignment of the 
4 '  
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particles with the applied field. It is interesting to note how in magnetic particle tape 
we see fine grains of magnetic materials, typically elongated SD grains, precipitated 
onto the tape in curved chains - not unlike the biogenic magnetite observed in deep 
ocean sediments. 
Figure 1.6. Biornagnetic magnetite. Bacteria precipitate magnetite in bullet shaped chains 
and in clusters of hexagonal shaped grains. The bullet shaped grains are GOnrn across. 
Thesis objectives 
This chapter has briefly presented an overview of paleomagnetism, rock magnetism 
and ferromagnetic studies of fine particles. It has shown how the ability to understand 
the mechanisms of recording remanent signals is of great importance to the under-
standing and accurate interpretation of these signals. The domain structure of magnetic 
materials, whether in rocks or synthetically produced particles, is a defining criterion 
from which recording stability can be deduced. Non-convergence of theoretical and 
experimental results are usually attributed to the effect of interactions between grains 
within the experimental samples, and most theoretical studies have always been lim-
ited by the computing power available. Indeed, most theoretical models over recent 
years, although being three-dimensional, have only examined the domain structure of 
single grains isolated in tree space. The work presented is interested in the effect in-
teractions between grains of the most common magnetic mineral, magnetite, has on 
domain structure and hence recording ability. Since most grains that record signals are 
in the PSD size range (0.03 - 0.2 tim), this thesis will concentrate on looking at these 
grains. It will also examine the arrangements of interacting grains. 
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Previous work into the effect of interactions on domain structure has only looked at 
small, uniform SD magnetite grains (Williams and Wright 1997), hence this study is a 
first attempt to model interactions of non-uniform PSD magnetite grains. 
Thesis outline 
The starting point for this thesis is a three-dimensional micromagnetic model which 
numerically models the magnetic properties of magnetite. It is similar to that used by 
Wright et al. (1996) and Williams and Wright (1997). From this, the domain structures 
of single, isolated grains of magnetite will be considered for comparison with previous 
models and for later referral. Three-dimensional cubic arrays of magnetic grains of 
differing grain sizes and inter-grain spacing will be examined to determine what effect 
spacing and grain size have on interactions between grains, the resultant domain state, 
magnetic properties and ultimately recording ability. Some preliminary findings using 
these three-dimensional arrays were reported by Virdee and Williams (1997). The 
three-dimensional model is then modified to allow it to deal with arrays that are not 
cubic. This modified model has greater flexibility, and allows thin-film arrays of grains 
which have a thickness of one-grain width to be examined. Comparison between the 
findings of this two-dimensional thin-film array model and experimental results from 
King et al. (1997), in which the magnetic properties of synthetically produced arrays 
of magnetite grains are examined, provides a basis for convergence and validation of 
experimental and the theoretical results in this study. 
Finally, from the results produced it is possible to comment on what effect particle 
interactions may have on the maximum recording density available for commercial 
data storage. 
Chapter 2 
The micromagnetic model. 
This chapter looks at the theoretical methods used to determine the domain structures 
and bulk magnetic properties of magnetite. It describes some previous models, and 
gives the theory behind the model developed for use in this research 
Early Models. 
The first attempts to model the domain configuration of a ferromagnet were carried 
out by Landau and Liftshitz (1935). They considered a domain wall within an in-
finitely large system, and the only energies to be minimised were those arising from 
shape anisotropy and exchange coupling between neighbouring moments. Their model 
predicted the formation of domains and closure domains to reduce the magnetostatic 
energy. Kittel (1949) formulated an analytical expression for domain sizes, and do-
main walls ('-' 100 nm). But these were limited by the fact the system was required 
to be infinite, and there were to be a large number of domains. The first true micro-
magnetic model was produced by Amar (1957,1958a,b). This model constrained the 
magnetite into rectangular slabs, uniformly magnetised anti-parallel to each other. The 
only variable to be minimised was the width of the domain wall between these slabs. 
This approach was furthered in models by Brown and LaBonte(1965). This model is 
1111 
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rather more sophisticated in that the magnetisation direction of each slab is now free 
to rotate within the plane of the slab. The first two dimensional models by LaBonte 
(1969), Hubert (1968), Koehler (1987) and Enkin and Dunlop (1987) sub-divided the 
grain into a series of rectangular prisms. However, the greatest information has arrived 
with the rapid increase in computing power that has been evolving over recent years, 
Brown's (1963) calculations have been used on fully unconstrained 3-d (three degrees 
of freedom per cell) models (e.g. Schabes and Betram 1988, Williams and Dunlop 
1989,1995, Wright and Williams 1997, Fabian et al. 1996). For larger grains, there 
is some agreement with observed domain structures in magnetite. However, for the 
smaller sizes of paleomagnetically important grains which are PSD, it is increasingly 
hard to visualise predicted micromagnetic solutions since there is considerable lack 
in image resolution by Bitter and other methods such as magnetic force microscopy 
(MFM) (Williams et al. 1992 a,b). Confirmation of the existence of these micro-
magnetic solutions is found by comparison with experimental measurement of bulk 
parameters such as saturation remanence and coercive force, such as Dunlop (1986b) 
and Day (1977). More recently, MFM work by Pokhil and Moskowitz (1998) has con-
firmed that high resolution 3-d micromagnetics will be required to model the domain 
structures observable in larger magnetite grains. 
Micromagnetic formulation 
Cubic grains to be modelled are divided into a series of sub-cells (figure 2.1) within 
which the magnetisation is represented over the entire crystal by a continuous dis-
tribution of vectors. The vector of each cell is free to vary in any direction, but the 
magnitude is constant. The size of the cells are of the order of many hundred of atomic 
widths, and so the vectors represent an average of the regions magnetisation. The 
magnetisation direction of each cell is varied until an equilibrium is reached (figure 
2.2). That is, a structure that minimises the total energy of the grain being modelled is 
found. 
The structures are typically local-energy minimums (LEM) rather than a absolute en-
ergy minimum (AEM), but since no constraints are applied to the system (unlike the 
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Figure 2.1. Magnetic moments. The magnetic moment vector, M, is kept at a constant 
magnitude. Its direction is varied by altering the values of 0 and 0. 
earlier models of Amar 1957,1958a,b) these LEM structures are solutions that would 
be the same as those found in naturally occuring samples. 
The total energy of a grain,E 0 , is given by 
E otai = Ee ± Ea + Ed + Eh + EA + EcT 	 (2.1) 
where Ee is the exchange energy, Ea is the magnetocrystalline anisotropy energy, Ed 
is the magnetostatic interaction energy and Eh is the energy due to interactions with 
any externally applied field. E is the magnetostriction energy, an energy which arises 
due to effects of changes in crystal shape on the magnetisation. E, the magnetoelastic 
energy is a consequence of effects of crystal defects on the magnetisation of the grain. 
The exchange term. 
This is derived from the Heisenberg model of ferromagnetism, which states that the 
exchange energy is proportional to the dot product of electron spin in neighbouring 









Figure 2.2. Sub-cells with in a grain. A magnetite grain is divided up into a series of cells. 
Each cell here has a magnetisation of constant magnitude, the direction of which is represented 
by an arrow. 
atoms. 
Eheis = — 2J S1 	 (2.2) 
Where J is the exchange integral; s 1 and s2 are the electron spins of two neighbouring 
atoms. 1  If a is the angle between spins, it follows that the exchange energy is 
E = —2C e a cos a 	 (2.3) 
Here, Ce = Js2 /a , a is the atomic separation, and a is the angle between spin di-
rections. C is the exchange constant, and can be determined experimentally for mag-
netite (e.g. Heider and Williams 1988). Equation 2.3 is an expression for a single pair 
of electrons within an atom - but it is necessary to consider an entire grain. To extend 
the above idea to look at a single grain of magnetite, we integrate over the entire grain 
in all directions, this is an analytical solution to the exchange energy, To calculate the 
exchange energy, we need to find a numerical solution that will be computationally 
efficient. 
4 
'For a correct quantum mechanical expression, s 1 and s2 would be replaced by the appropriate 
wave functions and operators. 
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The first step is to consider the directions of the spin vectors, si, s2 . We define the 
following angles as follows (see figure 2.3): 
Between s1 , 52  is a 
s 1 and the z - axis is 9 
S2 and the z axis is 92 
between the projection of Si on the xy plane and x is 01 
and s2 on the xy plane and x is 2• 
z 
A 
Figure 2.3. Angles defined for exchange energy. s 1 and s2 are the spin vectors for two 
orbital electrons. 
This gives: 
Si = (sin 01 cos 9,  sin 0 1 sin O, cos qi) 	 (2.4) 
Chapter 2. The micromagnetic model. 	 15 
and 
S2 = (sin 1)2  COS 02, sin 02  sin 92,  cos 1)2) 	 (2.5) 
hence, the angle between spin vectors, 
Si S2 
cos a = 
1s111S21 
(2.6) 
Since we are dealing with spin, assume the magnitude of spin vectors is unity. Hence, 
cos a = sin 01 sin 1)2  COS 01 cos 02 + sin 0 1 sin 1)2  sin 91  sin 02 + COS 01  cos 02 
= sin 01 sin 1)2 [cos 01 cos 02 + sin 01 sin 021 + Cos 01  cos 02 
= sin (1)1  sin 02 cos(01 - 02) + Cos 01  cos 02 
Using compound angle: 
cos(qi - 2) = COS q51  COS 2+ sin q 1 sin q 2 
cos 01  cos  02 = c08(01 - 02) - sin 01 5ifl 02 
cos a = sin (1)1  sin 02  cos(01 - 02) + c08(01 - 1)2) - sin 01 sin 02 
After simplification, it follows that, 
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62 	
dO1 	dO 1 
dx dy 
then using the above and assuming the angle between neighbouring spins is small, 
I&c 2 /d01 \ 2 8y 2 (d01 \ 2 	dO1 dO1 l 1 2 (dO, cos a 2 sin sin 2 L 	---) + -- 	-) - 26x5y-_---j +6z ---) 
(2.8) 
We can neglect constants, and also cross terms, since they would represent an interac-
tion between diagonal elements within our grain, which would cancel out. 
Substitute for cos a into the above formula for 	(equation 2.3), and note that 
öx = Jy = 6z = a and CE = j82 /a, thus, 





Integrate over all space (i.e. a grain) gives the energy density for a grain as: 
E  gram p jY fx [sin i  Sin 2 (()2 + ()2)  + (dOl ) 2] dxdydz 
(2.10) 
For a numerical solution, we consider our grain to be made of N x N x N separate 
elements, we need to consider the interaction between each neighbouring element, i.e. 
i and i + 1, j and  j + 1, k and k + 1. It follows that, 
N-i N-i N-I { sin i+1jk Sfl I)ijk(Oi1jk 
= — 2CA 	 + Sin jj+1k Sin jjk(Ojj+1k - Oijk)2 } 
	
(2.11) 
k=i j=i i=1 	
+(/ijjk+i - bijk)2 
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A replaces dx, dy, dz as the smallest finite step (equal increments are taken in all di-
rections), and is in this case the length of the side of a grain. (Enkin and Dunlop 
1987) 
The anisotropy term. 
Due to lattice configuration, magnetic materials have a direction along which the mag-
netic moments prefer to align themselves. This is known as the crystallographic easy 
direction of magnetisation. For magnetite, this corresponds with the < 111 > direc-
tions (figure 2.4 a). However, ideal grains will be such that the orientation of the easy 
axis will be parallel to the grain edge, or uniaxial anisotropy (figure 2.4 b). 
(a) 
Thc <111> directions. 
[001] Z 
(b) 
Figure 2.4. Magnetocrystalline anisotropy directions. The top diagram (a) illustrates the 
crystallographic < 111 > directions. (b) (lower diagram) shows the notion and orientation of 
the x,y and z axis. 
For unicthal anisotropy, then all we need consider is the angle each spin vector makes 
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between the easy axis. Let the easy axis be the z [001] axis. 
Ea = K1 sin 2 9 
	
(2.12) 
where 9 is the angle between the magnetisation direction and the z - axis, and K1 is 
the anisotropy constant. Thus, extending over our entire grain, 
N N N 
Egram =Kl >>>  sin 2 O 	 (2.13) 
k=1 j=1 i=1 
Magnetite cubes with uniaxial anisotropy are chosen for investigation in this study, be-
cause they provide a good analogy with grains that provide the best magnetic recording 
fidelity. 
The magnetostatic term 
The magnetostatic energy is derived from the energy of a magnetic dipole. 
Edipo l e = —, 0m H 	 (2.14) 
where m is the magnetisation vector of a particular dipole and H is the field due to 
every dipole. 
This force is long ranged and non-linear, and so every dipole within a volume will 
interact with every other. Therefore, N3 volume element will require N 6 calculations 
to evaluate the total energy due to the magnetostatic interactions. 
A scalar potential, can be defined such that H = —V. Using this definition and 
from Green's function (Jackson 1975), a ferromagnet with volume V2 and surface S2 
will have a potential at a point r 1 due to the magnetostatic charge at r2 such that 
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1 f  V. M(r2)dv + 1 	M(r2) 	dS2 	(2.15) 
47r 	ri - r21 	47r is ir, - r21 
Since this model lets the magnetisation within each cell be of constant direction and 
magnitude, i.e. V . M = 0, the above equation reduces to the second term only. The 




Figure 2.5. Interaction Coefficients. Wi_ rn  is the interaction coefficient between orthogonal 
plates on cells 1 and m, which have magnetostatic charge al and am respectively. 
The divergence theorem states that fv V . FdV = F ndS. If we consider two cells, 
I and m and denote a 1 to be the charge density on plate 1, the energy density between 
two orthoganol plates (as shown in figure 2.5 ) is: 
Elm = — iio f M(r i ) . HdV 
= o f M(ri) . VdV 
= o f [V. (M(ri)) - V . M(ri)1 dV 
= 0M8 f a1 dSj 	 (2.16) 
J Si 
The potential 1 at 1 due to plate m is given by the first term in equation 2.16, so Ell 
becomes: 
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E = IOM f fS. UU dSidSmS1 	Fri - rm 
- ,u0 M 
Wi_mamai 	 (2.17) - 	4ir 
Here, Wi_rn  is a coefficient with dimension A 3 , and is evaluated using the Rhodes 
and Rowland (1954) method. That is, if we consider point within the two charged 
plates 1, m shown in figure 2.5 to have position (yi, zi) and (X m , zm ); and charge a1, 
Urn respectively, then Wi_ rn is given by: 
m 
Figure 2.6. Interaction Coefficients. This shows the four interactions that need to be con-
sidered between two cells. 
Wi_rn 
= f f f 
JA 
dyidZidXmdzrn 	 (2.18) 
where r is the distance between (yi, zj) and (Xrn, Zrn). 
There are four such interactions that can take place between plates (figure 2.6). For 




0M >:W m at/3m 	 (2.19) 8ir 
I 	rn 
The summations are carried out from 1 to N in the x, y, z directions respectively. A 
factor of one half needs to be introduced to cancel the effect of adding contributions of 
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the same plates twice in the double summation. 
Also, the interactions between 0 plates on 1 and a plates on m need to be considered, 
so we get: 
Ed = 	 + 	 (2.20) 
871 
I m 
Rhodes and Rowland (1954) also introduce a constant for each cell, given by 	0 MA 3 . 
The full energy is given by: 
A 3 
= 	 (m mW) m. 	 (2.21) 
I m 
W is the demagnetisation tensor, defined as: 
Waa w w 
W = W WO  W 	 (2.22) 
W° W W 
and 
Woce = Wa13 
W = w ay 
w.-yf3 = 
A full description of the interaction coefficients is given in Appendix A. 
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The external field term. 
Applying an external field of magnitude 	with a direction denoted by °H  and /H 
gives the following expression for Eh (Brown 1963): 
N N N 
E rain - 	hg /A0 	Ms Hext m 1 L 3 	 (2.23)  
k1 j=1 i=1 
Where M5  is the magnitude of each sub-cells magnetisation vector, m 1 . 
Energy contributions due to magnetostriction 
and magnetoelastic effects. 
The effects of magnetostriction on the total energy are neglected in this model, because 
grains that are of interest in the PSD size range are small enough for EA to be an order 
of magnitude less than the other terms in equation 2.1 (Fabian and Heider 1996). 
Grains examined in this study are defect free and under no external stress. Therefore, 
the magnetoelastic contribution to the total energy can also be neglected. However, in 
comparing results from this study with previous experimental findings, it is important 
only to consider magnetic properties arising from grains grown rather than crushed 
assemblages. 
Minimisation. 
The method used to minimise Etotat is the conjugate gradient method, which utilises a 
steepest descent method to minimise the total energy of a grain. It is described in some 
detail in Press et al. (1994), chapter 10.6. 
Let x be the number of variables required to be minimised. In this case, x will be the 
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components of each cells magnetisation, i.e. 
x= (01,01,...,ON12,qN/2) 	 (2.24) 
where N is the total number of cells in a grain of resolution n x m x 1, N = 2(nrnl). 
Let 1(x) = Etotat, and g(x) is an analytical expression of the gradient. 
g 	= Vf(x) 
	
Of ____ 	_ 	ofOf 
- oue + 
	+ + 	+ 
DUNJ2 	
(2.25) 
u is a basis vector, defined by u = (u01 , u, ..., ONJ21 UN/2). 
The conjugate gradient method uses an iterative approach to find a sequence x, x11, ..., Xmjn 
by minimising along directions d1, d1+1, ... using the vector gi = g, 1 . 
The target is for algorithm to find a set of directions, d 1 , that will do this in as few steps 
as possible. 
If 1(x) is approximated using a Taylor series expansion: 
f 	
Of 	1 	2fEij (x) = 
x, 2 
c—bx+xA•x 	 (2.26) 
where c f(x), b —Vf, A 2 axi axj 
After minimising along a direction, d, a new direction d+1 is required so the min- 
imisation along d 1 is not spoiled. This condition is so that the change in gradient stays 
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perpendicular to d1. i.e. 
d, 5(Vf) = 0 	 (2.27) 
The change in gradient along a direction c5x is given by: 
5(Vf) = A . x 	 (2.28) 




Full implementation requires restarting the minimisation if a search along a specific 
direction becomes inefficient. This introduces a counter, t, which is reset every time a 
restart is required. Two storage variables, dt and gt  are needed, and are initially set to 
dt = gt = — Vf(x o ) 
The algorithm works as follows: 
A x0  is chosen, and the following are set: g0 = d0 = — Vf(x o ). 
Move some distance, ,\ along direction di such that f(x + ) d) is a minimum. ) is 
therefore the step length. 
Now set x+i = x + Adi and g1 = g(x i+i). 
If g(xj1 ) == 0 then a minimum is found, the algorithm terminates here. Otherwise, 
a new direction given by: 
d 1 = — g(x21 ) + 	+ 'yd 	 (2.30) 
is chosen. 
Here, 
- (9i+1 - gj) . g+i 
- 	(gj1 - gj) 
(2.31) 
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and 
'-V. 
- gz+i (gt+i - gt) 
- d . (gt+i - gt) 
(2.32) 
5. If restarting, set t = i, dt = di and gt = gj , and return to step 1. Otherwise, return 
to step 2. 
There are three conditions for restarting. 
If the gradients gi+i and gj lose their orthogonality, it becomes inefficient to con-
tinue a search for steepest descent. This is given by: 
gz+i gj ~: 0.2(g1 . gj) 	 (2.33) 
After N successive conjugate line searches the directions wrap around on each other, 
i.e. we return to the start, d+1 = dt+N+1. A restart is required if (i + 1 - t) 	N. 
If the new search direction is not steep enough, that is: 
d . gji <O.2d2 gj 	 (2.34) 
The direction used for restarting is given by equation 2.3 1, but with -/ i set to zero. This 
because when searching along steepest descents, the method will perform many small 
steps (defined by A )even if the descent direction is perfectly uniform. 
The conjugate gradient technique is very fast at finding LEM states. Other methods 
such as simulated annealing (Thomson et al. 1994), which optimises in a way anal-
ogous to the cooling of a crystalline solid from high temperature, are much better at 
finding AEM states, but are notoriously slow, and extremely computationally expen-
sive. 
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ENERGY 
TIME 
Figure 2.7. Local energy and absolute energy minima. This schematic diagram represents 
the way in which the conjugate gradient method searches for a minimum. Rather like a ball 
rolling downhill, the technique follows the steepest line of descent from the energy gradients. 
The ball can come to rest in the LEM hollows, or continue to the AEM. 
Method 
The purpose of this study is to theoretically examine the effect of inagnetostatic in-
teractions on the domain state and hysteresis parameters of non-unifonn magnetite 
grains. A previous study by Williams (1995) used a micromagnetic model to study the 
effects. Williams' (1995) model considers a cubic array of grains, in which each grain 
is represented by a single sub-cube in the model, and exchange interactions between 
sub-cubes are switched off (figure 2.8a). The limitations of this are clearly seen straight 
away, since each the total magnetic moment for each grain and the domain structure 
is represented by only one vector. Williams' (1995) early model can only look at cu-
bic, uniform, single domain grains of less than 0.05 microns, since as the grain size 
increases the domain structures are becoming non-uniform and the representation of 
one vector per grain is now insufficient. The next logical step in development of a 
model is to represent each grain within a three-dimensional array as a number of sub-
cubes. This allows the size of the grains within the array to be increased so we can 
deal adequately with non-uniform magnetite grains (figure 2.8b). However there is a 
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trade off we have to consider - available computer power. To look at larger grains we 
must concede the number of cells within the array to allow us to keep the resolution 
of the model within an acceptable limit so as not to exceed the computers available 
memory and disc space. The largest resolution looked at on the non-parallel processor 
used by myself and previous authors was 46 x 46 x 46 sub-cubes. With micromagnetic 
calculations as complex as this, it is paramount to test the model rigorously before 
implementing major calculations to ensure that valuable processing time is not wasted 
- since the limit of practicability on this study is not of our own making, but of the 
constraints put on us by available computing power. 
The model developed uses the formulation described earlier in this chapter, with some 
changes to allow non-cubic grains of differing aspect ratios to be looked at. That is, 
equations 2.11, 2.13, 2.21 and 2.23 are changed from summations over N3 elements 
to NxMxL. 
New exchange term: 
= —2C z. 	 + sin ij+1k  Slfl  bijk( 9ij+1k - 	 (2.35) 
N- M-1 L-1 { sin i+1jk  Sfl /)ijk(Oi+1jk - Oijk) 2 
 } 
k=1 j1 j1 	+(l5jjk+1 - 
Anisotropy: 
N M L 
= K 1 	sin 2o 	 (2.36) 
k=1 j=1 i=1 
Magnetostatic: 
Ed = 'OM 8 (2.37) W i _mat/3m 	
I m 













Four grains in a 2x2 arrangement. Each grain 
represented by 4x4x4 cells. 
Figure 2.8. Stepping up resolution. (a) Shows schematically how Williams (1995) and 
Williams & Wright (1997) represent each uniform grain within the array as a single cell. (b) 
Shows how this study proposes to model each grain within the array as a number of cells. This 
increased resolution allows non-uniform domain structures, such as vortices, to be seen. 
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This equation is the same as the previous term (equation 2.22), except we now sum 
over I,, N in the x, 1, ..., M in the y and I,, L in the z directions for a regular 
three-dimensional shape. A becomes the length of the longest side, and N, M and L 
will scale in proportion. 
External fields 
L M N 
Eg0 - —/ o :i: :i: :i: Ms Hext . mL 	 (2.38) h  
k=1 j=1 i=1 
However, since interactions will be some inverse function of grain separation, it is 
necessary to develop a way of controlling the spacing between the grains. This is 
achieved by giving the cells between grains a magnetisation of zero - in effect they are 
free space. The code considers these cells as blank and they contribute nothing to the 
calculations. 
The question of resolution comes into play again now as we are required to choose an 
optimum resolution for the grains within the array. Less than 6 x 6 x 6 sub-cubes per 
grain does not give a high enough resolution to allow the accurate nucleation of vortex 
and other domain structures encountered in grains larger than 0.1 microns. However, 
resolutions greater than this will in turn lead to a reduction in the number of grains we 
can look at within the cubic array. Eventually, it was decided to choose an array of 4 x 
4 x 4 cubic grains, that is sixty-four grains. Each grain would have a resolution of 6 x 6 
x 6, that is two hundred and sixteen cells per grain. Some thought towards the spacing 
between the grains is also necessary. The spacing is controlled by blanking out the 
cells between grains. Thus, we have a flexible method of setting the separation, that 
is it will be an integer fraction of the number of cells along each grain edge; namely 
one, two, three, four, five or six cells spacing. The maximum spacing between grains 
was set at one particle width. Figure 2.9 shows a schematic representation of the grain 
arrangements. 
Previous work by Williams (1995), looking at uniform grains, suggests that when the 
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Figure 2.9. Arrangement of grains in a 3-d array. The magnetite grains are placed in a 4 x 
4 x 4 arrangement. Here, the spacing shown is equivalent to one grain width. 
inter-particle spacing is greater than or equal to one grain width there are no interac-
tions (figure 2.10). Using this assumption to begin with, the maximum spacing looked 
at was one grain width, that is six sub cells. Therefore, the maximum resolution of the 
array will be four grains with the equivalent maximum spacing between each grain of 
one grain width. i.e. 4 x ( 6x6x6) + 3 x (6x6x6) = 42 x 42 x 42 cells. 
This resolution will be very time consuming to calculate, since we will be pushing at 
the absolute limits of the non-parallel machine used for this study. To reduce computer 
time it was decided that when looking at grains that give uniform solutions for isolated 
grains (i.e. those less than 0.05 sum), they would be represented by only 4 x 4 x 4 
cells, since it was not necessary to use a higher resolution since the final magnetisation 
domain structures were likely to be uniform. This produces a considerable saving in 
computer time and memory, since the maximum resolution for non-interacting arrays 
of grains have now been reduced from 42 x 42 x 42 = 74088 sub-cells to 28 x 28 x 28 
= 21952 sub-cells per array. Considering that the FF1' routine reduces the number of 
calculations from N 3 to NiogN, by reducing the resolution of each grain from 6 x 6 x 
6 to 4 x 4 x 4, we will reduce the number of calculations in each iteration from 157 to 
93, almost a 60 percent reduction. 













Figure 2.10. Effect of inter-grain spacing on interactions between uniform grains. Work 
by Williams (1995) and Williams and Wright (1997) show how as the inter-grain spacing be-
comes greater than or equal to one grain width there are no significant interactions between 
grains. This is demonstrated by the very similar values of saturation remanence and coercive 
force for grains with the largest spacing, compared with the remanence of almost zero for the 
fully interacting case when the separation is the smallest, less than one grain width separation 
between grains. 
The model must also calculate the effect of external fields upon the arrays, so we 
can simulate hysteresis cycles and hence determine important magnetic parameters 
such as saturation remanence and coercive force. This is done by including in the 
calculation the effect of an external field on the energies (see earlier in this chapter), 
then minimising as before to obtain a solution. The field applied was chosen to vary 
from 0.15 T to -0.151 in twenty equal steps, then back up to 0.15 T in twenty more 
equal steps. The initial state was the saturation state at 0.15T, and each subsequent 
initial guess was taken as the final solution of the minimisation from the previous step. 
As stated earlier, there are two cases which are to be examined in this study. 
Firstly, where each grain within the array has the magnetocrystalline anisotropic axis 
in a randomly differing direction from each other grain in the array (figure 2.11). Since 
we are only considering uniaxial anisotropy, that is we assume the easy axis in each 
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grain lies parallel with the z-axis, each grain within the array has the easy axis ran-
domly set to be parallel with either the x, y or z axis. This rotation of the axis to 
lie parallel to one of the three orthogonal directions is a constraint on the system due 
the cubic shape of the grains. This case in analogous to a sample of naturally or syn-
thetically produced grains that are mutually independent of each other, as would be 
expected. 
Secondly, a case where each grain has its easy axis in the same direction as every other 
grain within the array - parallel alignment of the grains anisotropy directions (figure 
2.12). This arrangement is interesting to look at because clusters of biogenic mag-
netic grains are made by the bacteria precipitating a large grain, and then the spacings 
between are dissolved away, hence all the grains will have their anisotropy directions 
aligned. 
The first case is rather more difficult to model, but once each grain has been set to 
have a random direction, this information can be retained so it can be used for further 
models. When considering simulated hysteresis, due to the random alignment of grains 
it gives us a statistical average of grains axis aligned parallel with a hard and easy 
axis of magnetisation, so the external field need only be applied in one direction. A 
truly random orientation of the grains can also be examined, but the translation of 
the axis within the grain implies that the easy axis is now not parallel with a grain 
edge, and is therefore not consistent with the view that an ideal grain with uniaxial 
anisotropy will have its easy axis along a grain edge. This calculation was performed to 
provide convergence of results, and the results are presented in the appropriate section, 
Chapter 4, Results for 3d Arrays. The second case is simple to implement, since the 
model assumes all grains to have parallel directions unless otherwise altered. It is now 
necessary to apply the external field parallel to both the hard and easy directions of 
magnetisation to obtain a statistical average of the hysteresis parameters. 
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Figure 2.11. Random alignment of anisotropy. Arrows represent the direction of the easy 
axis of magnetocrystalline anisotropy. 
Material Parameters for Magnetite 
The temperature of the model is kept constant at 25 Celsius. The values for anisotropy 
constant, exchange constant, and saturation magnetisation were taken from previous 
experimental results, and are quoted here: 
= 1.25x104 Jm 3 Fletcher and O'Reilly (1974) 
Ce = 2.64x10' 1Jm' Heider and Williams (1988) 
M5 = 4.80x10 5Am' Heider (1988). 
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Figure 2.12. Parallel alignment of anisotropy. Arrows represent the direction of the easy 
axis of magnetocrystalline anisotropy. 
Chapter 3 
Isolated Grains 
Previous inicromagnetic models have done much to further our understanding of the 
domain states of magnetite. Here, results from previous models are reviewed and the 
results for single, cubic grains using this model are presented 
3.1 Previous micromagnetic models 
The first domain calculations were carried out by Landau and Liftschitz (1935), and 
they predicted the emergence of magnetic domains to minimise the free magnetic en-
ergy of a ferromagnet. Kittel's (1949) calculations for the domain wall widths of fer-
romagents were repeated for magnetite by Stacey (1963). The significance of these 
results, for large grains, were that the domain wall width was found to be negligi-
ble in size in comparison to the domain width itself. The Amar model was used by 
Butler and Banerjee (1975), Shcherbakov (1978) and Moskowitz and Banerjee (1979) 
and extended to calculate equilibrium structures for two-domains and three-domains. 
The main conclusion from these models was that the two-domain states become en-
ergetically favourable close to the superparamagnetic threshold for magnetite, which 
suggested that only a small proportion of grains occupy stable SD states. The Moon 
and Merrill (1984,85) one dimensional model was significant in that it did not have 
35 
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domain walls and domain boundaries imposed as constraints, so results could occupy 
an LEM state as well as an absolute energy minimum. However, these results pre-
dicted a 10 pm grain could occupy several LEM states, which was not what was ob-
served using Bitter imaging techniques. More sophisticated two dimensional models, 
without constraints, were developed, such as Enkin and Dunlop (1987), and Xu et al 
(1994). The latter publication used a supercomputer to look at very high resolution 
grains. However, it is probably prudent to accept these with some caution, until three 
dimensional models can reach sufficient resolution to confirm the existence of these 
predicted states. In fact, recent imaging techniques using magnetic force microscopy 
(Pokhil and Moskowitz 1998) suggest that a three-dimensional micromagnetic model 
is needed to predict domain structures for grain sizes larger than 1 p  m. 
3.2 Three dimensional micromagnetic models 
Early high-resolution three-dimensional micromagnetic models using supercomputers 
produced results that changed the perception of the sub-micron domain structure of 
magnetite. Schabes and Betram (1989) and Williams and Dunlop's (1989) first at-
tempts at unconstrained 3-d models for grains from 0.05pm to 5 pm in size showed 
that, as the grain size increased, there was a gradual development from a single-domain 
uniform structure to non-uniform structures around the PSD size range, > 0.07pm. 
Larger grains would still be expected to form MDs, and these larger grains could be 
imaged. 
As the size of PSD grains is increased, grains were found to first occupy an LEM state 
which produced a modified SD structure. In this structure, the magnetisation in the 
corners on the grain were deflected outwards at the top and inwards at the bottom. 
This flower structure forms to reduce free poles at the grain edges. The deflection of 
the corner moments of the grain increases and eventually a new structure forms. Here 
no domains form, but the magnetisation forms a vortex curling around the axis of the 
grain. This vortex state has a very low remanence, since most of the magnetisation 
is cancelled out due to the excellent flux closure. The small signal will be carried by 
magnetisations aligned with the axis of vortex rotation (see figure 3.1). More complex 
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double-vortices were seen to form as the grain size increases. 
As higher resolution models developed with the advent of increasing computer power, 
notably the use of parallel processors, we see the three dimensional micromagnetic 
models (Wright et al 1996, Williams and Wright 1997). Again, these models predict 
the evolution of the PSD domain structures, as shown in figure 3.1. 
3.3 Modelling Hysteresis 
Bulk properties of magnetic materials can be represented by plotting the induced field, 




plots of M and H can be used. A typical hysteresis loop can be seen in figure 3.2. 
Hysteresis loops give an indication of the mechanism of rotation of the magnetisa-
tion during a reversal. Usually, domain switching during the cycle is described as a 
coherent rotation within SD grains, and as movements of domain walls in larger MD 
samples. The mechanisms by which PSD grains switch are poorly understood, and 
were explored using a three-dimensional model by Williams and Dunlop (1995) and 
by Wright et al (1996). These methods use the micromagnetic formulation described 
earlier in chapter 2. Hysteresis is modelled as closely to experimental procedure as 
possible. In this study, the field is applied along the hard and easy axes of magne-
tocrystalline anisotropy and increased in forty equal steps to a strength of (typically) 
0.15 T, then back down to -0.15 T, and then finally backup to 0.15 T. The initial guess 
for each subsequent step is the final minimised solution for the previous step. 
Micromagnetics and experimental work here diverge, and there has been considerable 
disagreement between theoretical and experimental hysteresis parameters for mag-
netite. Figure 3.3 shows a graph of saturation remanence and grain size for magnetite 
grains. At 0.1 jim there is a considerable drop off in the remanence for the Williams 
A I 





Figure 3.1. Domain Structures of PSD Magnetite Grains. (a) Uniform, single domain, 
0.03 pm. (b) Flower structure, 0.05 pm. (c) Vortex, 0.1 pm. 
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Figure 3.2. A typical hysteresis loop. The saturation remanence, Mrs , occurs at the point 
when the applied field is zero. The coercive force, H occurs when the magnetisation is zero. 
and Dunlop (1995) model which is not seen in the experimental results. This occurs at 
the transition between uniform states and the flower/vortex state seen in micromagnetic 
models. This divergence between theory and experiment has usually been attributed to 
grain clumping in experimental samples, and subsequent inter-particle interactions. 
3.4 Results for cubic grains 
The following presents results for cubic grains between 0.03 microns and 0.2 mi-
crons. The field was applied both along the hard and easy axes of magnetocrystalline 
anisotropy, and the applied field varied from 0.3 T to -0.3T, and then back to 03T for 
the smallest two grains. For larger grains the field chosen is 0.15 to -0. 15T, then back 
up to 0. 15T. In all cases the field is applied in twenty equal steps. The initial guess is 
a fully saturated grain in the direction of the applied field. The initial guess of each 
subsequent step being the final minimised solution of the last step The results are for 
magnetite at 25 C, the resolution being 10 x 10 x 10 cells. Smaller grains require an 
application of a larger field to reverse the magnetisation due to the highly remanent SD 
structures. 
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Figure 3.3. Remanences calculated by micromagnetic models and experimentally deter-
mined values. Comparison of theoretically calculated remanences with experimental values. 
(after Williams and Dunlop 1995). 
0.03 microns 
Grains of this size are sufficiently small for the domain structure to be entirely single 
domain, with all the magnetic moments aligning parallel. In fact, due to the size being 
so small, the exchange energy is orders of magnitude higher than the energy contri-
butions arising from anisotropy, magnetostatic and external field, so it dominates the 
overall total energy of the grain. A very large field is required to reverse the magnetisa-
tion of the grain, hence the large saturation remanence. This makes SD grains excellent 
recorders of magnetic signals. Figure 3.4 shows a grain under-going a hysteresis cycle. 
It maintains the completely saturated state until the highest reverse field is applied to 
it, and then all the moments within the grain rotate coherently, hence the high coercive 
force of these SD grains. Figure 3.5 shows the domain state at an external field of 0 T. 
0.05 microns 
This slightly larger size of PSD grain still maintains a high saturation remanence whilst 
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-0.3 	-0.2 	-0.1 	0 	0.1 	0.2 	0.3 
Applied Field (T) 
Figure 3.4. Hysteresis plot for 0.03 pm grain. Field applied along the hard-axis. Mrs/Ms = 
0.9972, 	0.047 mT 
switch, shown by a large coercive force to reverse the magnetisation of the grain (figure 
3.6). However, figure 3.7 shows the domain state at 0 T to be of the 'flower type', with 
the magnetisation in the corners deflected to improve flux closure. 
0.1 microns 
The grain size now is sufficiently large to allow other energies to dominate the total 
energy within the grain. The anisotropy energy has now increased significantly, due 
to the increase in grain size. For the saturated state at maximum positive field, 0.15 T 
(figure 3.8), the grain has a flower like structure, but as the field gradually decreases 
there is a rotation and curling of the moments within the grain to form a vortex structure 
at OT (figure 3.9), like those seen by Williams and Dunlop (1995) and Fabian et al 
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Figure 3.5. Domain structure for 0.03 jim grain. External field 0 T. M 5IM3= 0.9972, H= 
0.047 mT 
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Figure 3.6. Hysteresis plot for 0.05 pm grain. Dashed line shows field applied along 
easy-axis, solid line shows field applied parallel to hard-axis. Mrs/M=O.l75,O.991 
H,=0.05,0.1933 mT 
(1996). As the field is gradually decreased, the vortex 'uncurls' back to a flower like 
structure at maximum reverse field, -0.15 T. 
0.15 microns 
This larger grain also shows vortex like structures, and behaves very like the smaller 
0.1pm grains. (Figures 3.10 and 3.11) 
3.5 Comparison with previous work 
Figure 3.12 shows a graph of results comparing the above results with earlier theoreti-
cal results using a similar micromagnetic model. 
It can be seen from figure 3.12(a) that there is a drop in M 8/Mat a grain size of 0.1 
pm . The general trend is for the Mrs/Ms to decrease as the grain size increases and 
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fr 
Figure 3.7. Domain structure for 0.05 pm grain. External field 0 T. Mrs/M8=0.175, 
H=O.O5 mT 
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Figure 3.8. Hysteresis plot for 0.1 /_im grain. Dashed line shows field applied along 
hard-axis, solid line easy shows field applied along easy-axis. Mrs/Ms=0. 136, 0.948 
H=0.013,0.320 mT 
the domain structures become less uniform. That is the domain states change from SD 
to PSD flower and vortex like structures. At larger grain sizes it would be expected 
that MD structures would form. There is disagreement with Wright and Williams 
(1997) and Williams and Dunlop (1995) for remanences for grain sizes larger than 
0.1 1um. Single grains in this study are uniaxial, and form vortex grain structures at 
this size. The remanence is therefore much lower than the cubic anisotropy grains 
that these authors use. Secondly, for larger grains in this study, the resolution of 
only lOx 1 Ox 10 cells will contribute inaccuracies, considering (for instance) Wright 
and Williams (1997) used a high resolution model of 64x64x64 cells on a parallel 
machine. 
All models shown in figure 3.12(b) show a trend of the Hdecreasing as the grains size 
increases. 






Figure 3.9. Domain structure for 0.1 ym grain. External field 0 T. Mrs/Ms=0.136, 
Hr=0.013 mT 
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Figure 3.10. Hysteresis plot for 0.15 pm grain. Dashed line shows field applied along 
hard-axis, solid easy. 
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Figure 3.11. Domain structure for 0.15 pm grain. External field 0 T. 
Chapter 3. Isolated Grains 	 49 









A ml. ucoy -- 
A 	0 WriOSS Cilliuoo (1997) 
0 wl11a. & DUnlop (1995) 
0 
0.04 	0.07 0.1 	0.2 	0.4 	0.7 	1.0 
Grain Size microns 
A 
A 
S 0*40 &W%.(IOO9) 
40 	 0 wcu.uno,..,llCq 
0 
20 






0.04 	0.07 0.1 	0.2 	0.4 	0.7 1.0 
Figure 3.12. Comparison of hysteresis parameters for micromagnetic models. (a) 
Saturation Remanence (b) Coercivity. 
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3.6 Conclusion 
The work in this chapter shows that, using the micromagnetic model developed, as 
the grain size of cubic magnetite grains with uniaxial anisotropy increases, there is a 
decrease in Mr,/M8 , with a corresponding significant drop as the domain structures 
become the least uniform, changing from PSD flower to PSD vortex structures. The 
coercivities of these grains are observed to decrease as the grain size increases. 
These trends are also seen in other micromagnetic models, such as Williams and Dun-
lop (1995) and Williams and Wright (1998). 
Chapter 4 
Results for 3-d Arrays 
The effect of interactions upon the domain structure of cubic magnetite grains of differ-
ing sizes are presented. The grains are oriented within a 4x4x4 array such that their 
axes of magnetocrystalline anisotropy are aligned in the same direction, or in ran-
domly differing directions. The arrays are also exposed to an externalfield to simulate 
hysteresis cycles. 
4.1 Spacing 
The magnitude of magnetic fields surrounding any magnetic body due to the body, are 
a function of distance from the body. It is necessary to decide how to look at the effect 
of inter-particle spacing upon interactions. The greater the spacing between grains, 
the less effective the interaction field on an adjacent particle. However, there needs 
to be set a spacing at which it can be considered that there is no effective interactions 
between adjacent grains. i,From chapter 3, the domain structures of individual grains in 
free space is known, so the spacing can be altered from minimum spacing to a spacing 
at which the grains revert to the states that would be expected should no interactions 
be present - that is, each grain within the array is behaving like an isolated grain in 
free space. (See figure 3. 1.) This is quite simply carried out by considering a small 
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Figure 4.1. Testing Spacing. No external field. Figure (a) shows 0.1 pm grains at a spacing 
of one cell width. (b) 0.1 pm grains at one grain width spacing, grains revert to vortex like 
structures. 
array, four 0.1 pm grains placed in a 2 x 2 formation. The spacing is altered from one 
sub-cell (equivalent to 0.025 pm) to 0.1 pm, and then 0.2 pm. The resultant domain 
states of the grains can be seen in figure 4.1. The grains revert to their natural vortex 
states at a spacing of one particle width, and remain like this as the spacing increases. 
For an inter-particle spacing of less than one particle width, the effect of interactions 
is evident upon the magnetisation structures. This is in agreement with calculations by 
Williams (1995), in which uniform grains were represented by single sub-cells. 
,From this finding, and the agreement with previous work in this study and by other au-
thors, it was decided to consider interacting cases to be when the inter-particle spacing 
was set to be one sub-cell width, and the non-interacting case to be when the spacing 
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was set to be one grain width. At greater separations of the arrays, there are still no 
interactions present, each grain would still behave like an isolated grain. This then 
sets an upper limit on the size of arrays at 28 x 28 x 28 sub-cells for uniform grains 
modelled as 4x4x4 cells, and 42 x 42 x 42 sub-cells for non- uniform grains modelled 
as 6x6x6 cells. 
4.2 Random Anisotropies 
Grains were placed in regular 3-d arrays, consisting of 64 cubic grains in a 4 x 4 x 4 
arrangement. The spacing between the grains was set to be at maximum, one whole 
grain width, and at a minimum to be one sub-cell width. The sizes of the grains ranged 
from 0.03 to 0.15 ttin side length. For the smaller ( < 0.15 jim) grains, each grain 
was modelled using 4 x 4 x 4 sub-cells, and for the other grains, 6 x 6 x 6 sub-cells 
were used, this larger resolution allowing the more complex non-uniform structures of 
larger grains to form correctly on minimisation. 
Hysteresis cycles were carried Out in 40 equal steps from 0.15 T to -0.15 T, and then 
back to 0.15 T. The initial guess of the first step is therefore a fully saturated grain in 
the direction of the applied field. The initial guess of each subsequent step being the 
final minimised solution of the last. 
0.03 am Grains 
Figure 4.2 shows an arrangement of SD grains. This figure is a snap-shot during a 
hysteresis cycle, and represents the domain structure at 0 T. Each grain attains the 
same domain state as is expected for isolated grains. The non-interacting grains give 
a high Mr8/M3 =0.916, and H =20 mT. However, when the spacing is reduced to be 
one-cell width, (figure 4.3) there is a change in the alignment of the moments. Instead 
of them all pointing in the same direction as before, the SD grains moments have 
rotated. Figure 4.4 shows a slice in the XY plane, corresponding to z=9. The effect of 
the interactions on the small grains is to lower the Mrs /MS to 0.451, and the F1 to 20 
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mT. Discrete jumps in the hysteresis cycle (compare figure 4.5a with 4.5b) shows these 
grains rotate less coherently than in the non-interacting case, where there is a smooth 
transition from the magnetisation pointing parallel to the applied field, then switching 
to the negative direction as the applied field becomes negative. 
0.05 pm Grains 
At this grain size, there is a trend towards less uniform domain states as in the isolated 
case. There is a slight flowering of the grains, particularly in the corners of the array, 
to increase flux closure, as shown in figures 4.6 and 4.7. The non-interacting case 
gives Mrs/Ms =0.940 and H =37 mT. Again, the interacting case does not give a 
smooth cycle, but shows discrete jumps in the magnetisation as the grains moments 
rotate incoherently, giving Mrs/Ms = 0.349 and H =23.2 mT, as shown in figure 4.8. 
0.1 um Grains 
For non-interacting grains, the initial state at saturation is a flower structure. As the 
field decreases, there is coherent rotation of the moments into vortex like structures. 
These then uncurl back into flower structures at maximum reverse field. When the 
spacing between them is reduced to a minimum, the effect of the interactions is to 
make the domain structure more uniform, to achieve a maximum flux closure within 
the array (figures 4.9 and 4.10). 
For the interacting case, the cycles are much smoother, with the jumps being less 
discrete, due to the non-uniform nature of these larger grains. The non-interacting 
case gives Mrs/Ms =0.813 and Ff =42 mT, whereas when interacting, Mrs/MS is 
reduced to 0.210 and H to 18.1 mT. (figures 4.11) 
V. 
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Figure 4.2. An array of 0.03 pm magnetite grains. Separation one grain width (0.03 pm), 
with each grain having a randomly differing direction of magnetocrystalline anisotropy. The 
grains behave like isolated grains in free space, that is there are no interactions between grains 
V 
Chapter 4. Results for 3-d Arrays 	 56 
Figure 4.3. An array of 0.03 tim interacting magnetite grains. Separation one sub-cell 
(0.0075 pm), with each grain having a randomly differing direction of magnetocrystalline 
anisotropy. The grains now are interacting with each other, causing the magnetisation direc-
tions of each grain to change direction. 









Figure 4.4. XY slice at z=9 through 3d array of 4x4x4 0.03 prn grains, interacting, 0 T 
external field. 
0.15 urn grains 
These larger grains show the most non-uniform domain structures, even when inter-
acting some grains are able to nucleate vortex like domain states, seen clearly in figure 
4.12 and more so in the slice through the interacting array shown in figure 4.13. 
The interactions reduce the M,, IM, from 0.112 to 0.0276 and the H from 14 mT to 
6.25 mT, as can be seen in the hysteresis plots, figure 4.14. 
Aligned Anisotropies 
Grains are placed in the same geometric arrangement as for randomly aligned anisotropies. 
Each grain within the array has its easy direction of magnetocrystalline anisotropy 
aligned in the same direction as every other grain in the array, which is set to be paral- 
lel with the x [100] axis. 
Hysteresis cycles were carried out in 40 equal steps from 0.15 T to - 0.15 T, and then 
back up to 0.15 T. The initial guess for each subsequent step being the final minimised 
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Figure 4.5. Hysteresis plots. Plots for 0.03 urn  grains in a 3-d array of 4x4x4 particles, 
randomly aligned anisotropies. (Half-loops shown for clarity) 
(a) Non-interacting, spacing 0.03 m, (b) Interacting, spacing 0.0075 urn 
-Y 
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Figure 4.6. An array of 0.05 jm interacting magnetite grains. Separation one sub-cell 
(0.0125 gm), with each grain having a randomly differing direction of magnetocrystalline 
anisotropy. The effect of the interactions is to increase the "flowering" of the grains, this is 
noticeable in the corners. 
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Figure 4.7. XY slice at z=9 through 3d array of 4x4x4 0.05 pm grains, interacting, 0 T 
external field. 
solution of the last. The direction of the field is applied parallel to the easy and then 
repeated with the field applied along the hard (z) axis. 
0.03 iim grains 
Figure 4.15 shows the effect on domain structure for uniform grains when the field is 
applied along the hard and easy axis of anisotropy. When the field is applied along the 
easy axis (figure 4.15a), the moments align parallel to the x-axis, as this minimises the 
energy. However, this is not the case when the field is applied along the z-axis, the 
moments are now in different directions to minimise the energy. This lowers Mrs /MS 
from 0.991 to 0.280, and the kI from 53 mT to 13 mT. 
Non-interacting arrays have a Mrs /MS of 0.974 and 0.658 for easy and hard axes 
respectively, and H of 38 mT and 18.8 mT for easy and hard axes. The domain 
states in the XY planes are observed to be single domain and uniform, aligned in the x 
direction for the easy axis and z direction when the field is applied along the z-axis. 
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Figure 4.8. Hysteresis plots. Plots for 0.05 .im grains in a 3-d array of 4x4x4 particles, 
randomly aligned anisotropies.(Half-loops shown for clarity) 
(a) Non-interacting, spacing 0.05 m , (b) Interacting, spacing 0.0125 jim 
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Figure 4.9. An array of 0.1 pm interacting magnetite grains, separation one sub-cell 
(0.025 pm), with each grain having a randomly differing direction of magnetocrystalline 
anisotropy. Now the effect of interactions is clear - there is a marked change in the do-
main structures of many grains, from an expected vortex to a more uniform looking structure. 
Swirling of the magnetisation directions between grains can be seen. 
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Figure 4.10. Slices through 0.1 urn grains in an interacting array. (a) XY plane at Z=9, 
(b) XZ plane at y=19 
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Figure 4.11. Hysteresis plots. Plots for 0.1 Am grains in a 3-d array of 4x4x4 particles, 
randomly aligned anisotropies.(Half-loops shown for clarity) 
(a) Non-interacting, spacing 0.1 Am , ( b) Interacting, spacing 0.025 Am 
Chapter 4. Results for 3-d Arrays 
	
65 
Figure 4.12. An array of 0.15 pm interacting magnetite grains, separation one sub-
cell (0.025 pm), with each grain having a randomly differing direction of magnetocrystalline 
anisotropy. More grains are attempting to nucleate vortex like structures, unlike the smaller 
non-uniform grain sizes. 






Figure 4.13. Slice through 0.15m grains in an interacting array. XZ plane at y=27. 
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Figure 4.14. Hysteresis plots. Plots for 0.15 pm grains in a 3-d array of 4x4x4 particles, 
randomly aligned anisotropies.(Half-loops shown for clarity) 
(a) Non-interacting, spacing 0.15 pm , (b) Interacting, spacing 0.025 pm 
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0.05 urn grains 
These grains show features very similar to the 0.03 pra case. With the field applied 
parallel to the x - axis, at 0 T the moments align parallel to this axis, as seen in figure 
4.16a .It gives Mrs/MS = 0.980 and H, = 34 mT. When the field is applied parallel to 
the z - axis, the grains do not align parallel to this direction at 0 T, but each grain settles 
in to a structure to minimise the total energy in the array, as seen in figure 4.16b. The 
saturation remanence, Mrs/Ms is reduced significantly to 0.004727 and the coercive 
force drops to 2.8 mT. 
The non-interacting case give results very similar to non-interacting 0.03 um grains, 
Mrs/Ms = 0.979 and H = 35.4 mT for the field applied parallel to the x - axis; Mrs /MS  
= 0.658 and H, = 18.1 for the field applied parallel to the z - axis. 
0.1 urn grains 
With the spacing set at one-grain width, each grain behaves like an individual grain. 
The saturated domain state is a flower structure, the magnetisation parallel to the di-
rection of applied field. Vortex like domain structures form at OT, when the field is 
applied either parallel to the x or the z axis. As the field is decreased to the maximum 
reverse value, the moments uncurl to form flowers again. It gives Mrs/Ms =0.9705 
and H = 33 mT when applied parallel to the x-axis. Mrs/MS = 0.004197 and H = 
2.08 mT when applied parallel to the z-axis. 
However, when the separation is reduced to one-cell width, there is a marked change 
in domain structures. Many of the grains are uniform in appearance. On the surface 
of the array, as seen in the slice figure 4.17a, non-uniform structures like vortices can 
be seen, but in the middle of the arrangement the grains seem to line up parallel to the 
easy axis, even when the field is applied along the hard axis, as in slice figure 4.17b. 
Mrs/Ms = 0.936, H = 33 mT when the field is applied along the x - axis; Mrs/Ms = 
0.042, H = 2.8 mT when the field is applied along the z-axis. 
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0.15 urn grains 
These grains show the most non-uniform characteristics. Figure 4.18 shows four slices 
through the array, when the field is applied along the x-axes and z-Axes. The most 
non-uniform structures can be seen in the corners and on the surfaces. The middle 
of the arrays tend to align the moment parallel to the easy axis. Again, the effect of 
interactions is to increase the Mrs /M5 . When non-interacting, Mrs /M5 = 0. 11, H = 
14.6 mT when the field is applied along the x- axis; Mrs/Ms = 0.028, H = 2.78 mT 
when the field is applied along the z -axis. For the interacting case, Mrs/Ms = 0.937, 
H = 33 mT when the field is applied along the x - axis; and when the field is applied 
along the z - axis, Mrs/Ms = 0.032, H = 1.39 mT 
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Figure 4.15. Slices through 0.03 pm grains in an interacting array. (a) at Z=15 field 
applied along easy axis, (b) XY plane at z=15, field applied along hard axis. 
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Figure 4.17. Slices through 0.1 pm grains in an interacting array. (a) XZ plane at Y=l 
field applied along easy axis, (b) XY plane at z=15, field applied along hard axis. 
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Figure 4.18. Slices through 0.15 tim grains in an interacting array. (a) XZ plane at Y=8 
field applied along easy axis, (b) XZ plane at z=1, field applied along easy axis. (c) XY plane 
at Z=27, field applied along hard axis. (d) XY plane at Z=1. Field applied along hard axis 
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4.3 Testing the Solutions 
Due to the vast number of variables to be minimised in search of a solution, it is possi-
ble that structures found might not be true LEM states (see chapter 2 for a discussion 
on the conjugate gradient method of minimisation). It is therefore desirable to test if a 
solution is sensible, and a true LEM state is achieved. This can be achieved by using 
different initial guesses, to see if they will minimise further. For example, consider a 
small SD grain of size 0.03 pm . With an initial guess of a uniform structure, the final 
structure achieved is a SD grain, as to be expected for a grain of that size (see chapter 
3). But, what if the initial guess is set to be another, non-uniform structure? Figures 
4.19 and 4.20 show the initial guess and final structures for single, isolated grains in a 
zero field. Even for non-uniform initial guesses, the smallest grains revert to SD final 
solutions. 
Likewise, if the final structure achieved for a 0.1 pm grain, a vortex, is used as a sub-
sequent initial guess, it is found to remain in a vortex. The stability of such structures 
is dealt with in some detail by Enkin and Williams (1994). 
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Figure 4.19. Effect of initial guess. For a 0.03 pm grain, the initial guess is a set to be a 
uniform structure. The solution is a SD grain. 
-G 
- 	 -0. 	A a 
an 
0 0 "0 10 	 - 	 -'n 




Initial Guess Final Solution 
Vortex S.D. 
0.03 micron gram 
Figure 4.20. Effect of initial guess. For a 0.03 /-tm grain, the initial guess is a set to be a 
vortex structure. Despite this, solution is still a SD grain. 
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Hysteresis parameters 
Figure 4.21 shows two graphs comparing the hysteresis parameters for interacting and 
non-interacting arrays. The aligned and the random cases are shown on each graph. 
For the aligned case, an average of the results when the field is applied along the 
hard/easy axis is plotted. 
Figure 4.21a is a comparison of Mrs/Ms . For the aligned case, the trend for non-
interacting grains is for Mrs/MS to reduce as the grain size increases, there being a 
marked drop as the grains domain state become non-uniform at > 0.1 iim. The effect 
of interaction is to keep the Mrs/MS at a similar value for all the grain sizes. At the 
smallest grain size, 0.03 m, the remanence is lower for the interacting case, but this 
decreases, so Mrs/Ms , for larger, interacting grains, > 0.1 urn is higher than non-
interacting case. 
tFrom figure 4.21b, coercivity remains at near constant values for the non-interacting 
case, but for interacting grains it decreases significantly as the grain size increases. 
Grains with their easy-axes in randomly differing directions show the exact opposite 
trend, with Mrs/Ms for non-interacting grains being consistently higher than interact-
ing grains for all sizes. However, between 0.1 urn and 0.15 pm there is a significant 
drop in M,, IM, . The general trend of interactions between grains is to raise the 
coercivity. 
Domain Structures 
For both the aligned cases and random case, when the spacing between the grains is 
equivalent to one grain width, the grains have the same domain structures as would be 
expected if the grains were isolated in free space. 
However, when the separation is reduced to be one-cell width, magnetostatic interac-
tions have effect upon the domain structure. 
For the aligned case, the effect of the interactions is to align the moments parallel to the 
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easy axis, larger grains attaining uniform structures. This effect continues as the grain 
size increases, the net result being to raise the Mrs/Ms for interacting grains. Larger 
grains still manage to nucleate some non-uniform domain structures, but these tend to 
happen on the faces and in the corners of the arrays, where the flux leakage from the 
arrays will be the greatest. This way the magnetostatic energy can be minimised to 
some extent. 
The effect of interactions on the random case is not as evident as the aligned case. 
Because of the random arrangement of each grains easy axis, an alignment of the 
moments within each grain is not as prominent, but there is still an effect to a lesser 
degree. Here Mrs /M5 decreases for both the interacting and the non-interacting grains, 
due to the grains in each case forming less uniform structures as the size increase; a 
feature in common when considering the change of Mrs/Ms with increasing grain size 
for isolated grains. 
4.4 Conclusion 
This chapter has considered the effects of magnetostatic interactions upon cubic mag-
netite grains with uniaxial anisotropy, placed in a 4 x 4 x 4 arrangement. 
The effect of magnetostatic interactions upon cubic magnetite gains when their easy 
axis of magnetocrysatiline anisotropy are aligned is to increase the remanence by mak-
ing the domain states more uniform. When the grains axes are randomly aligned, in-
teractions change the domain structure less, and the effect on remanence is to lower 
it. 
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Figure 4.21. Hysteresis Parameters. Comparison of results for cubic magnetite in a 4x4x4 
arrangement. (a) Normalised saturation remanence vs grain size. (b) Coercive force vs grains 
size. Aligned refers to each grains easy axis of magnetocrystalline anisotropy is aligned with 
every other grains. Random refers to the easy axes being in a randomly differing direction for 
each grain. 
Chapter 5 
Results for 2-d arrays. 
Hysteresis parameters and domain structures for magnetite grains placed in a two - 
dimensional geometric N x N array are shown here. The grains are positioned within 
the arrangement to be interacting and non-interacting, and cases where their easy axes 
of magneto crystalline anisotropy are aligned parallel and randomly with every other 
grain are considered. 
5.1 Geometric arrangement 
To consider grains that are non-interacting, the inter-particle spacing needs to be at 
least one grain width (see chapter 4 and Williams 1995). The method of masking cells 
as used in the previous chapter is used again here with the same micromagnetic model, 
except modified to calculate for non-cubic bodies. Since the total number of cells per 
array has reduced from N x N x N to N x N, the resolution of each individual grain can 
be greater. Each magnetite grain is set to have a resolution of 6 x 6 x 6 cells, regardless 
of grain size. 
For interacting grains, the spacing between grains is one-cell width, and the array will 
consist of 6 x 6 grains. The size of the array is 41 x 41 x 6 cells including blank cells. 
79 
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Non-interacting grains have an inter-particle spacing of one-grain width (6 cells), con-
sisting of 4 x 4 grains. The array size here is 42 x 42 x 6 cells. The number of grains 
within the slab has had to be conceded as not to exceed the maximum resolution avail-
able for the non-parallel machine used, 48 double-precision floating point elements. 
5.2 Aligned Anisotropy Results 
For this case, each grain within the array has its easy axis of magnetocrystalline 
anisotropy aligned with every other grain and parallel to the x [100] axis. 
To examine the hysteresis parameters of these arrays, an external field is applied, rang-
ing from 0.15 T (saturated state) to -0.15 T, and then back up to 0.15 Tin forty equal 
increments. First, the field is applied along the x-axis (easy). Then a second hysteresis 
cycle is simulated with the field applied along the z-axis (hard direction). Diagrams 
at OT are shown because these give a good indication of how domain structure under 
the influence of no external field may form. A OT domain structure is chosen as a ref-
erence point for comparison with domain structures for all grain sizes and inter-grain 
spacing. 
0.03 pm 
Figure 5.1 shows the domain states for non-interacting case, at OT the field having 
been applied along the x-axis. Each grain is SD and uniform and pointing along the 
x-axis, Mrs /Ms = 0.998. Figure 5.2 shows the same snap-shot, field applied along the 
z - axis, Mrs/Ms= 0.605. The grains remain aligned in the positive field direction until 
they flip over to point in the reverse field direction when the applied field is equal in 
magnitude to the coercive force, FIG . The grains switch direction all at the same time, 
there being no intermediate domain states. 
Reducing the spacing, figures 5.3 and 5.4, to allow the grains to interact causes the 
moments to rotate, but still remain SD and uniform. For the case where the field is 
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applied parallel to the x-axes, the grains moments are aligned parallel with every other 
grain, as seen in the non-interacting case. There is evidence of the corner grains mo-
ments diverging to improve the flux closure within the slab but preferential alignment 
remains along the x-axis. As the field is reversed, the moments switch gradually, with 
some grains moments rotating before others, as can be seen in the snap-shot (figure 
5.3). This gives less square hysteresis loops (figure 5.4) For the z case, there is es-
sentially the same domain state as the previous case, but here preferential orientation 
is with the z-axis. However, grains in the middle of the slab remain aligned with the 
x-axis until the field is at its maximum values, where the slab is saturated. 
The Mrs /Mschanges to 0.404 for the x-axis and 0.079 for the z-axis case. 
From figure 5.5 , the effect of the interactions has been to lower the average Mrs /M8 from 
0.606 to 0.242. Comparing figure 5.5a with 5.5b, the hysteresis loops are less square. 
The gradient of the loops are also less steep, implying that the susceptibility is reduced, 
(x = M/H). 
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Figure 5.4. 0.03 Mm grains, interacting. Field applied along z-axis. 0 T, Mrs/M8 = 0.079 
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Figure 5.5. Hysteresis plots. Plots for 0.03 j.tm grains in a 2-d array of particles, anisotropies 
aligned. Dashed line indicates field applied parallel to X direction, solid indicates fields applied 
along Z. 
(a) 0.03km grains, separation 0.03 jim (non-interacting),(b) 0.03.tm grains, separation 
0.005 ,um (interacting) 
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0.04 urn 
Figures 5.6 and 5.7 show the non-interacting cases. When the field is applied along the 
x - axis, at 0 T the moments align parallel to the x-axis and Mrs/Ms= 0.995. Applying 
the field along the z - axis gives a lower M 5 /M3 of 0.196 at 0 T, each grain having 
domains aligned with the z axis. The grains remain in their saturated state until the 
field is sufficiently high to rotate the moments coherently. There are no intermediate 
domain states. 
Reducing the spacing to allow the grains to interact, figures 5.8 and 5.9, the domain 
structures remain uniform, but each grains moment rotate to try and improve flux clo-
sure within the slab. This is seen as slight flowering of the moment, particularly no-
ticeable for the corner grains, as with the 0.03 im grains. 
Mrs/Ms 0.401 when the file is applied along the x - axis, Mrs/Ms = 0.081 when the 
field is applied along the z. 
The interacting grains show a lowering of the average M 8 /M5from 0.596 to 0.241. 
As with the 0.03 jLm grains, the interacting grains have less square looking hysteresis 
plots, as shown in figure 5.10. 
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Figure 5.6. 0.04 Mm grains, non-interacting. Field applied along x-axis. 0 T, Mrs/Ms = 
0.995 
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Figure 5.7. 0.04 pm grains, non-interacting. Field applied along z-axis. 0 T, M 3 /M8 = 
0.196 
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Figure 5.8. 0.04 pm grains, interacting. Field applied along x-axis. 0 T, Mr3 /Ms _ 0.401 
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Figure 5.9. 0.04 jm grains, interacting. Field applied along z-axis. 0 T, Mrs /Ms = 0.081 
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Figure 5.10. Hysteresis plots. Plots for 0.04 pm grains in a 2-d array of particles, 
anisotropies aligned. Solid line indicates field applied parallel to X direction, dashed indicates 
fields applied along Z. 
(a) 0.04m grains, separation 0.04 j.m (non-interacting),(b) 0.04 /.Lm grains, separation 
0.0067 /.tm (interacting) 
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0.05 ,um 
The grain size now is sufficiently large for the emergence of non-uniform domain 
structures when the grains are arranged to be non-interacting. Figure 5.11 shows the 
grains at OT when the field has been applied parallel to the x-axis. There is a slight 
flowering of each grain in the corners, and Mr,/M8 = 0.992. Figure 5.12 shows 0.05 
jim grains when the field was applied parallel to the z-axis. Here, the grains also show 
some flowering, and the moments point in the z-direction. Mrs/Ms = 0.177. 
Interacting grains of this size still form structures similar to the smaller grains, as 
shown in figures 5.13 and 5.14. The grains have uniform structures, with interactions 
allowing moments to rotate to improve flux closure at the edges of the slab. Mrs/Ms = 
0.369 when the field is applied along the x-axis and Mrs/Ms = 0.068 when the field is 
applied along the z-axis. 
Comparing figures 5.15a and 5.15b, the effect of the interactions is to make the hystere-
sis loops less square, and lower the susceptibility. The average M rs /Mshas lowered 
from 0.585 for non-interacting to 0.218 for interacting grains. 





Figure 5.11. 0.05 pm grains, non-interacting. Field along x-axis. 0 T, Mrs/M3 = 0.992 
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Figure 5.12. 0.05 pm grains, non-interacting. Field applied along z-axis. 0 T, Mrs/Ms = 
0.177 
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Figure 5.14. 0.05 jm grains, interacting. Field applied along z-axis. 0 T, Mrs/Ms _ 0.068 
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Figure 5.15. Hysteresis plots. Plots for 0.05 m grains in a 2-d array of particles, 
anisotropies aligned. Dashed line indicates field applied parallel to X direction, solid indicates 
fields applied along Z. 
(a) 0.05 jtm grains, separation 0.05 Mm (non-interacting),(b) 0.05/1m grains, separation 
0.00833 .tm (interacting). 
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0.07 /tm 
Flowering to a large extent is evident in these larger grains when non-interacting (fig-
ures 5.16 and 5.17). M/M 8 = 0.971 when the field is applied along the x-axis and 
Mrs/M8 = 0.173 when the field is applied along the z. 
However, when the spacing is reduced, there is a noticeable change in the domain 
structure (figures 5.18 and 5.19). The grains have lost most of their non-uniform flow -
ering. The moments of the grains at the edges curl around to reduce the number of free 
poles and hence reduce the flux leakage from the array. The normalised remanence for 
the case where the external field is applied parallel to the x-axis is 0.071 and when it 
is applied parallel to the z-axis is 0.037. Figure 5.20 shows the Again, the trend here 
is for interactions to make the hysteresis loops less square in appearence. 
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Figure 5.16. 0.07 pm grains, non-interacting. Field applied along x-axis. OT, Mrs/Ms = 
0.971 
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Figure 5.17. 0.07 /-lm  grains, non-interacting. Field applied along z-axis. OT, Mrs /M3 = 
0.173 
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Figure 5.18. 0.07 jim grains, interacting. Field applied along x-axis. 0 T, Mr,/Ms= 0.071 
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Figure 5.19. 0.07 jim grains, interacting. Field applied along z-axis. 0 T, Mr,/M8 = 0.032 
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Figure 5.20. Hysteresis plots. Plots for 0.07 jim grains in a 2-d array of particles, 
anisotropies aligned. Dashed line indicates field applied parallel to X direction, solid indicates 
fields applied along Z. 
(a) 0.07.tm grains, separation 0.07 /.tm (non-interacting),(b) 0.07i.tm grains, separation 
0.0117 /,Lm (interacting). 
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0.1 pm 
The grain size is now sufficiently large for non-uniform vortex structures to nucleate, as 
seen in figures 5.21 and 5.22 for non-interacting grains.The Mrs/M5 iS similar for both 
the x and z cases, 0.138 and 0.145, reflecting that vortex nucleation is not dependent 
upon the direction of the applied field. Each grain is a flower structure in the direction 
of the applied field at the saturated state. As the magnitude decreases, the moments of 
each grain curl into a vortex at OT, and then uncurl back into a flower structure as the 
direction of the field changes and the grains saturate in the opposite direction. 
Figures 5.23 and 5.24 show the interacting case. The grains now have lost their vortex 
like structure. The case where the field is applied parallel to the x-axis shows some 
extreme flowering and curling. Some vortex like behaviour is seen when the field has 
been applied along the z-axis. Rotation of the moments is non-coherent, with grains 
in the middle of the slab rotating with the field first, and grains at the corners and the 
edges rotating last. 
Figure 5.25 shows a comparison of the hysteresis loops. There is little change in the 
Mrs/Ms , but the overall shape of the loops has changed somewhat, implying a change 
in X. 
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Figure 5.21. 0.1 Mm grains, non-interacting. Field applied along x-axis. UT, Mrs/Ms = 
0.138 
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Figure 5.22. 0.1 pm grains, non-interacting. Field applied along z-axis. UT, Mrs/Ms = 
0.145 
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Figure 5.23. 0.1 pm grains, interacting. Field applied along x-axis. OT, Mrs/M3 = 0.0549 
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Figure 5.24. 0.1 pm grains, interacting. Field applied along z-axis. OT, Mr,/M3 = 0.0140 
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Figure 5.25. Hysteresis plots. Plots for 0.1 pin grains in a 2-d array of particles, anisotropies 
aligned. Solid line indicates field applied parallel to X direction, dashed indicates fields applied 
along Z. 
(a) 0.1 pm grains, separation 0.1 urn (non-interacting),(b) 0.1 urn grains, separation 
0.0167 urn  (interacting). 
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0.15 pm 
Figures 5.26 and 5.27 show how for this grain size the domain structures encoun-
tered are non-uniform vortices when the spacing is sufficient to ensure no interactions. 
Mrs /Ms 0.055 and 0.021 for the field applied along the x and z axes respectively. 
However, as clearly seen for the interacting case, figures 5.28 and 5.29, the domain 
structures remain unaltered. That is, each grain still forms a vortex, as would be ex-
pected if they were isolated grains, even though they are in close proximity with other 
grains. Mrs/Msis now 0.044 and 0.027 for the x and z cases. 
Although the presence of interactions does not effect the domain structure of these 
0. 15m grains, the shape and gradient of the hysteresis plots (figure 5.30) changes, 
implying a change in X. 
5.3 Random Anisotropy Results 
Each grain in the array is now placed so its easy axis of magnetocrystalline anisotropy 
is in a randomly differing direction from every other grain within the array. To examine 
the hysteresis parameters of these arrays, an external field is applied, ranging from 0.15 
T (saturated state) to -0.15 T, and then back up to 0.15 Tin forty equal increments. 
0.03 pm 
At a separation of 0.03 1um , these grains have SD like structures (figure 5.31)and a 
Mrs /Ms 0.972. Reducing the separation has little effect upon the remanence, Mr3 /Ms =0.916, 
but like the aligned case there is a change in the direction the SD structures point, with 
some rotation to try and improve closure within the slab (figure 5.32). The hysteresis 
loops shown in figure 5.33 are very similar for the interacting and non-interacting case 
- reflecting the similarities in the normalised remanence. 
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Figure 5.26. 0.15 m grains, non-interacting. Field applied along x-axis. OT, Mr,/M3 = 
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Figure 5.27. 0.15 pm grains, non-interacting. Field applied along z-axis. OT, M 5 /M= 
0.0211 
	
Chapter 5. Results for 2-d arrays. 	 103 
11 







0 : 0 
10 





1b 	& 0 0. 	41 4? 	a 0 	 lo.- 	/1 
0 Z4 0 
z 
00 
41, 0 0 
a 'D 	1010 
x 	 6 1b 1b 1P 0 AD 0 09 
Figure 5.28. 0.15 um grains, interacting. Field applied along x-axis. OT, Mrs /Ms = 0.044 
























Figure 5.29. 0.15 t4m grains, interacting. Field applied along z-axis. OT, Mrs /Ms= 0.027 
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Figure 5.30. Hysteresis plots. Plots for 0.15 prn grains in a 2-d array of particles, 
anisotropies aligned. Solid line indicates field applied parallel to X direction, dashed indicates 
fields applied along Z. 
(a) 0.1 5m grains, separation 0.15 urn (non-interacting),(b) 0.1 Sum  grains, separation 
0.025 urn (interacting). 








Figure 5.31. 0.03 /-tm grains, non-interacting. Random anisotropy. 
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Figure 5.32. 0.03 im grains, interacting. Random anisotropy 
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Figure 5.33. Hysteresis plots. Plots for 0.03 pm grains in a 2-d array of particles, random 
anisotropy direction. 
(a) 0.03pm grains, separation 0.03 pm (non-interacting),(b) 0.03pm grains, separation 
0.005 j.tm (interacting). 
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0.05 im 
Non-intereacting grains form SD grains with some very slight flowering (figure 5.34. 
In this case the comparison with the aligned case shows that the domain sturctures 
of the interacting grains are very similar to the those in figure 5.35. The remanence 
changes significantly, M 3 /M8 =0.962 for the interacting case to Mr3/M=0.148 for 
the non-interacting case. Hysteresis loops as shown in figure 5.36 reflect the simial-
rity between the remanences, both interacting and non-inteacting cases having similar 
shapes. 
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Figure 5.34. 0.05 pin grains, non-interacting. Random anisotropy. 
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(b) 
Figure 5.36. Hysteresis plots. Plots for 0.05 m grains in a 2-d array of particles, random 
anisotropy direction. 
(a) 0.05 Jim grains, separation 0.05 jim (non-interacting),(b) 0.05 pm grains, separation 
0.008 im (interacting). 
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0.1 im 
Figure 5.37 shows that, for grains of this size with a spacing of one-grain width, 
each grain attains a vortex domain state, as expected for isolated grains of this size. 
Mrs1M8 0.214. Reducing the spacing to one-cell width changes the domain struc-
tures, as seen in figure 5.38. Comparing these structures with the aligned cases (figures 
5.23 and 5.24), many similarities can be seen. Many of the grains become significantly 
uniform in appearence, with some non-uniform structures evident, particulafly in the 
corners. The remanence for these interacting grains is M 5 1M3 =0.104, which can be 
seen in the hysteresis plots shown in figure 5.39. For non-interacting grains, there is 
a gradual reduction in magnetisation as the applied field is reduced and eventually re-
verses. For the interacting case, the grains remain in a higher remanent state for a larger 
coercive force. The gradient of the hysteresis plot for interacting grains is steeper. 















Figure 5.37. 0.1 jim grains, non-interacting. Random anisotropy. 
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Figure 5.38. 0.1 jim grains, interacting. Random anisotropy 















-0.15 	 -0.1 	 -0.05 	 0 	 0.05 	 0.1 	 0.15 
















-0.15 	 -0.1 	 -0.05 	 0 	 0.05 	 0.1 	 0.15 
External Field (T) 
 
Figure 5.39. Hysteresis plots. Plots for 0.1 jm grains in a 2-d array of particles, random 
anisotropy direction. 
(a) 0.1 I.tm grains, separation 0.1 im (non-interacting),(b) 0.1 Am grains, separation 
0.0167 tm (interacting). 
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O.15m 
Figure 5.40 shows grains with a spacing of 0.15 pm having a vortex like domain struc-
ture and Mr,/Ms = 0.032. Reducing the spacing does not change the domain structure, 
the grains all remain as vortices, as shown in figure 5.41. However, there is a slight 
reduction in remanence to Mrs/M5 =0.012. Hysteresis plots shown in figure 5.42 are 
similar in appearence, being smooth and no jumps or jogs. 
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Figure 5.40. 0.15 m grains, non-interacting. Random anisotropy. 
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Figure 5.42. Hysteresis plots. Plots for 0.15 pm grains in a 2-cl array of particles, random 
anisotropy direction. 
(a) 0.15 pm grains, separation 0.15 pm (non-interacting),(b) 0.15 pm grains, separa-
tion 0.025 pm (interacting). 
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Figure 5.43. Hysteresis Parameters for Aligned Anisotropies. Comparison of grain size 
and magnetic properties for interacting and non-interacting magnetite grains in a 2d geometric 
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Figure 5.44. Hysteresis Parameters for Random Anisotropies. Comparison of grain size 
and magnetic properties for interacting and non-interacting magnetite grains in a 2d geometric 
arrangement. (a) Saturation remanence, (b) Coercive force. 
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5.4 Summary 
Figure 5.43 is a comparison of hysteresis parameters for grains in 2-d arrays with their 
anisotropy directions aligned. For non-interacting grains, there is little change in the 
remanence for smaller grains in the size range 0.03 jim and 0.07 jim. At 0.1 jim there 
is a drop in remanence, as the grains become vortex like. Interacting grains follow 
this pattern, but the drop in Mrs/Ms occurs for grains above 0.07 jim in size. For 
interacing and non-interacting grains, the coercivity gradually decreases as the grain 
size increases. At 0.05 gm there is a significant drop in the coercivity. The coercivity 
of interacting grains is consistently less than the non-interacting grains, except at the 
smallest grain size. 
Figure 5.44 shows a comparison of remanence and coercivty of grains in 2-d arrays 
with randomly aligned directions of easy anisotropy. 
The effect of interactions on the remanence has been to reduce it, as in the aligned 
case. As with the aligned case, the general trend is for the remanence to decrease as 
the grain size increase. 
When looking at Hva1ues, interacing grains have a consistently higher value until the 
largest grains. At the largest grain size, the values are very similar. 
5.5 Conclusion 
This chapter has demonstrated that the effect of interactions on domain structure and 
hysteresis properties of cubic magnetite grains with uni-axial anisotropy, in 2-d arrays 
can be calculated using a three-dimensional micromagnetic model. 
Interactions between grains have a significant effect on the domain structure, but not 
on the remanence, which is what is seen in the 3-d assemblages. For grains of 0.15 jim 
interactions do not change the domain structure. 
Chapter 6 
Field Mapping 
This chapter presents how the effective internal and stray fields are calculated from 
the micromagnetic model, and also the field maps for isolated grains and interacting 
arrays shown previously in chapters 4 and 5. 
6.1 The effective field 
The effective field Hoff is defined as the derivative of the magnetostatic energy, with 
respect to the magnetisation, m (Brown 1963). 
Hff = dEd 
dm 
Now, Hff = (H i, H, H) and each component of the field is the derivative of the 














m,;  = sin 0 cos 0 	 (6.3) 
m = sin 9 sin q 
M z = cos0 
0 and 0 are the spherical components of the direction of m as described and used 
earlier (chapter 2). 
Since both the energy and the magnetisation are functions of both 0 and 0 , the compo-
nents of effective field will be the following partial differentials: 
aEd 3Ed ao 3Ed 37 
3m 
- 
ao Dm aq 3m 
Dm 
= 
50 Om, aq 5m 
8m 
= 
50 am, ao 5 
OQ 
	can be recognised as the energy gradients used in the minimisation al- 00 	00 
gorithim, and the other partial derivatives are also calculated in the minimisation a!-
gorithim. As the energy gradient is calculated for each cell, the value for the partial 
derivites are stored and used to create the field maps shown later. In fact, one of the 
criteria for minimisation is that the magnetisation and the field lie perpendicular to 
each other, that is, He1j m = 0 (Brown 1963). 
For the internal field within a grain, it is necessary to subtract the component of the 
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magnetisation in that direction. Equation 6.1 now becomes: 
H, 




DEd = - 
5m 
1 
- -m 	 (6.6) 
3 
HiY 	
3Ed = - 1 - —m 
3m 3 





Dunlop et al. (1990a) calculate the internal field inside a uniformly magnetised mag-
netite grain. They evaluate H i from the magnetostatic potential. Using the equation 
6.5, the internal filed for a uniformly magnetised grain modelled as 9x9x9 cells is cal-
culated. The result can be seen in figure 6.1. It gives a very similar answer to that 
produced by Dunlop et al. (1990a), the middle cell of the cube having exactly I M3 . 
6.2 Stray fields around single grains 
The stray field is calculated in a similar way to the effective field but is given simply 
by equation 6.1. The stray field is: 
dEd 
H3tray = -- 
dm 
(6.7) 
The stray field is an important attribute to consider, since it is the field produced by 
magnetostatic effects. It is this field that causes interactions between grains, and it is 
important to see how it behaves around the outside of a grain. 
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To produce these maps, a 10 x 10 x 10 cell grain was embedded in an 18 x 18 x 
18 cell matrix. The outer cells are masked as previously so they contain no material 
parameters and are considered to be free space. The grain is now minimised and the 
effective field map for the entire matrix is produced. The best way to observe these 
maps is to consider the surface of the grain. If we take a slice through the array it is easy 
to observe the field around the grain. Figure 6.2 shows the field just above the surface 
of a SD 0.03 jtm grain. There is maximum flux above the edges of the grain, which 
corresponds with the magnetic moment of this SD grain being perpendicular with the 
top grain edge. The line of flux are seen to close in loops around the grain. The SD 
nature of this magnetisation structure gives field lines similar to those produced by a 
magnetic dipole. The field is minimal above where the grain lies. The field is at a 
maximum nearest to the edge of the grain, and reduces significantly as the distance 
increases from the grain edge. At a distance of four cells from the grain edge the field 
is extremely small. 
Larger grains form flower magnetisation structures. Figure 6.3 shows the stray field 
around a 0.07 1urn grain. A grain of this size shows a large amount of flowering. This 
reduces the number of magnetic poles at the surface of the grain and helps to close the 
flux path. The field is minimal above where the grain lies. The field is at a maximum 
nearest to the gains edge, and reduces significantly as the distance increases from the 
grain edge. At a distance of four cells from the grain edge the field is extremely small. 
Comparing the stray fields produced by 0.03 jm and 0.07 jm grains, it can be con-
cluded that flowering of the moment of the grain reduces the magnitude of the stray 
field at the top/bottom of the grain by providing a tighter flux-path at the edges (com-
pare the curvature of the left/right edges in figures 6.2 and 6.3 and the size of the 
vectors at the top/bottom). 
Grains of 0.1 iim  form vortex like domain structures. Figure 6.4 shows the field just 
above the surface of a grain, in the plane of the vortex. The curling of the magneti-
sation in grains of this size is such to have almost no moments perpendicular to the 
grain edges. Thus, the flux leakage from the grain is very small, the maximum field 
being contained within the grain at the edges. The field outside the grain is small in 
comparison with the field inside the grain. Figure 6.5 shows the field perpendicular to 
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the plane of the vortex. Again, there is little flux leakage from the grain, with the field 
direction contained entirely within the plane of the grains surface. 
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Figure 6.2. Stray field around a 0.03 jm grain. This figure shows the magnetisation 
structure for SD 0.03 pm grain which has lOxlOxlO cells. The lower diagram is the field just 
above the surface of the grain in the plane of the magnetisation. The bounds represent where 
the edges of the grain lie underneath. 
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Figure 6.3. Effective field around a 0.07 pm grain. This figure shows the field just above the 
surface plane of a flowering 0.07 pm grain which has lOx lOxlO cells. The bounds represent 
where the edges of the grain lie underneath, and the grain in the top left corner shows the 
domain structure of the grain and which face is mapped. 
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Figure 6.4. Effective field around a 0.1 prn grain. This figure shows the field just above the 
surface, in the plane of the vortex magnetisation structure that forms for a grain of this size. 
The bounds represent where the where the edges of the grain lie underneath, and the grain in 
the top right corner shows the domain structure of the grain and which face is mapped. 
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Figure 6.5. Effective field around a 0.1 um grain. This figure shows the field just above 
surface, perpendicular to the vortex magnetisation structure that forms. The bounds represent 
where the edges of the grain lie underneath, and the grain in the top left corner shows the 
domain structure of the grain and which face is mapped. 
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6.3 Magnetic Force Microscopy 
The advent of higher resolution magnetic force microscopy (MFM) has allowed imag-
ing of domain structures in magnetite down to less than 1 im (Pokhil and Moskowitz 
1997). In the near future, it is expected that the MFM or similar technique of domain 
imaging would allow resolution of PSD non-uniform domain structures, which until 
now has required confirmation by comparison with bulk parameters such as hysteresis 
properties. The 2-d arrays produced by this study and presented in chapter 5 are of a 









Figure 6.6. Magnetic Force Microscope The magnetic tip is scanned over the surface of the 
sample. Stray fields cause a deflection of the cantilever, resulting in a force image. 
In MFM, a magnetic tip is used to probe the magnetic stray field above the sample 
surface. The magnetic tip is mounted on a small cantilever ( figure 6.6) which trans-
lates the force into a deflection which can be measured.The microscope can sense the 
deflection of the cantilever which will result in a force image (static mode) or the res-
onance frequency change of the cantilever which will result in a force gradient image. 
The sample is scanned under the tip which results in a mapping of the magnetic forces 
or force gradients above the surface. 
Field maps of these arrays would be of great use to the experimentalist trying to image 
PSD magnetisation structures. A tip positioned to detect parallel components of field 
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would produce large force images when scanned over a surface containing fields such 
as those shown in figure 6.5. SD patterns are very different from those produce by non-
uniform structures (c.f. figure 6.2 and 6.3 with figures 6.4 and 6.5), thus MFM together 
with micromagnetic field maps will be an invaluable tool in successful imaging of PSD 
structures. 
6.4 Stray Fields of 3-d Arrays 
This section looks at the stray fields between grains in 3d arrays that result from the 
domain structures at 0 T for uniform and non-uniform grains shown in chapter 4. 
The field within grain boundaries are calculated using equation 6.5, and outside the 
grain boundary using equation 6.7. 
Uniform Grains. 
Figure 6.7 is the minimised structure that results after minimisation. Here, the grains 
are 0.03 pm in size and have a separation of one cell width, that is 0.005 pm . This 
figure shows a snap-shot at 0 T during a hysteresis cycle from 0.15 T to -0.15 T, and 
back to 0.15 T. The grains have their anisotropy directions all aligned parallel to the 
X-axis. The field was applied parallel to the X axis. The grains are all SD, aligning 
themselves parallel to the X-axis. Figure 6.8 shows a cut-away of the internal field. 
From equation 6.5 the field can be expected to point in the opposite direction to the 
magnetisation. Between the grains, it can be seen that the field is very large, while 
inside the grains the field is small. It would be expected that the field within the grains 
should be small, since for a grain to be in a minimised state, H m = 0, that is, there 
is no net torque on the magnetic moments. 
When the field is applied along the hard axis, the domain structures of individual grains 
align themselves in a less orderly fashion (figure 6.9) than the easy case. However, 
each grain is still SD. Some of the grains seem to be aligned in opposite directions, 
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which would seem to imply a counter intuitive arrangement - their moments in oppos-
ing fashion. The circled regions in figures 6.9 and 6.10 compare the magnetisation 
structure and internal field map of such an anomaly. Close inspection of the region 
yields the explanation for this. The contribution of adjacent grains fields form an in-
teraction field that makes this domain configuration possible. Again, the cut-away of 
figure 6.10 supports the idea that the grains are in an equilibrium state, since the field 
inside the grains is weak. Figure 6.11 shows the domain configuration for grains with 
randomly aligned anisotropy axis, and figure 6.12 is the resulting field. Both the do-
main configuration and the field are similar to the aligned cases, but due to the random 
nature of the anisotropy axes, there is less alignment of the moments of the grains at 
the surface of the array compared with those in the aligned anisotropy case (compare 
figure 6.7 with 6.11 and their fields). 
















Figure 6.7. Domain structure for 0.03iim grains. Spacing of one cell. Field = OT, applied 
along the easy axis. 
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Figure 6.8. Stray fields for 0.03 / -Lm grains. Spacing of one cell. Field = OT, applied along 
the easy axis. 
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Figure 6.9. Domain structure for 0.03m grains. Spacing of one cell. Field = OT, applied 
along the hard axis. 
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Figure 6.10. Stray fields for 0.03pm grains. Spacing of one cell. Field = OT, applied along 
the hard axis. 
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Figure 6.11. Domain structure for 0.03pm grains. Spacing of one cell. Field = OT. Grains 
have randomly aligned anisotropies. 
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Figure 6.12. Stray fields for 0.03m grains. Spacing of one dll. Field = OT, Grains have 
randomly aligned anisotropies. 
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Non-uniform Grains 
0.1 pm grains with aligned anisotropies and with the external field applied parallel to 
the easy direction form domain structures like those seen in figure 6.13. The grains 
within the array are mainly uniform and their moments parallel with neighbouring 
grains. However, grains in the corners of the array have non-uniform vortex like struc-
tures and their magnetisation is also seen to curl. Analysing the field map shown in 
figure 6.14 shows similar features to the uniform grains. Between the grains there is 
large re-enforcement of the field, and in the middle of the grains it is small. In the cor-
ners of the array because there are no adjacent grains to contribute and influence the 
grains, their moments can curl and from non-uniform structures, hence the emergence 
of vortices. The field in these grains is not zero at the near surface, but at the centre of 
the grains the field reduces to near zero. 
Figures 6.15 and 6.16 show domain structures and field maps for the case of aligned 
anisotropies with the field now applied along the hard axis. Similar field configurations 
are seen here as well. The cut-away reveals that the field is very strong between the 
grains and that adjacent grains influence the field. 
Randomly oriented grains allow more non-uniform domain configurations to form (fig-
ure 6.17), and the stray field is simpler (figure 6.18) - but showing the same character-
istics as the aligned cases. 
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Figure 6.13. Domain structure for 0.1m grains. Spacing of one cell. Field = OT, applied 
along the easy axis. 
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Figure 6.14. Stray fields for O.ljim grains. Spacing of one cell. Field = OT, applied along 
the easy axis. 
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Figure 6.15. Domain structure for O.1jim grains. Spacing of one cell. Field = OT, applied 
along the hard axis. 
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Figure 6.16. Stray fields for O.1m grains. Spacing of one cell 
the hard axis. 
Field = OT, applied along 
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Figure 6.17. Domain structure for 0.1/-z grains. Spacing of one cell. Field = OT, Grains 
have randomly aligned anisotropies. 
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Figure 6.18. Stray fields for O.lpm grains. Spacing of one cell. Field = OT, Grains have 
randomly aligned anisotropies. 
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6.5 Fields of 2-d Arrays 
The effective field at the surface of the 2-d arrays produced in chapter 5 are shown 
here. 
Uniform Grains 
Non-interacting 0.03 pm grains form fields similar to those seen for single grains (com-
pare figure 6.2 with figure 6.19). The field outside the grain reduces in magnitude as 
to have no effect on neighbouring grains. The field inside the grain is small. When 
the spacing is reduced to one cell, the field between the 0.03 pm grains is now large. 
Each grains field constructively interacts with the neighbouring grain, causing this 
large increase in field magnitude. The increase in the field magnitude is large enough 
to orientate the moments of the grains within the array. Interactions also reduce the 
number of free poles at the edges of the array, thus reducing flux leakage from the slab 
(figure 6.20). The alignment of the moments due to positive interactions also slightly 
increases the stray field of the grain. 
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Figure 6.19. Surface stray field for 0.03 pm grains, non-interacting. Field applied along 
z-axis. 0 T. See figure 5.2 for the corresponding magentisation structure 
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Figure 6.20. Surface stray field for 0.03 urn grains, interacting. Field applied along z-axis, 0 
T. See figure 5.4 for the corresponding magentisation structure. 
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Non-uniform Grains 
Non-interacting non-uniform grains of 0.1 pm form vortex domain structures. The 
field patterns associated with the 2d arrangement of these grains is shown in figure 
6.21. Grains whose vortices nucleate perpendicular to the plane of the array have 
a component of field parallel with the slab. Grains which nucleate vortices in the 
plane of the slab have a curling field pattern. In this cases, there is little field outside 
the boundary of each grain. Reducing the spacing to allow grains to interact (figure 
6.22) shows similar features to figure 6.20. There is constructive (positive) interactions 
applied between grains, increasing the field here. This aligns the moments of the 
grains, making their domain structure uniform. There is some curling and deflection 
of the fields at the edges and corners of the slab to improve flux closure. 
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Figure 6.21. Surface stray field for 0.1 pm grains, non-interacting. Field applied along z-axis, 
0 T. See figure 5.22 for the corresponding magentisation structure. 
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Figure 6.22. Surface stray field for 0.1 Mm grains, interacting. Field applied along z-axis, 0 
T. See figure 5.24 for the corresponding magentisation structure. 
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Figures 6.23 and 6.24 show the effective fields between magnetite grains of 0.15 urn 
• Chapter 5, figures 5.26-29 show the domain structures for these arrays. They show 
that as the spacing reduces, there is little, if any, change in the domain structure. The 
field maps reveal that the fields surrounding these larger 0.1 5pm grains is not as large 
as the smaller 0.1pm grains that form vortex domain structures. 
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Figure 6.24. Effective field for 0.15 jm grains, interacting. Field applied along z-axis, 0 T. 
See figure 5.39 for the corresponding magentisation structure. 




The effect of interactions on 3d assemblages of cubic magnetite grains is to increase 
the magnitude of the field between grains. At an inter-grain spacing of one grain width, 
the field reduces to such a degree that the field from adjacent grains does not construc-
tively interfere. This effect is noticeable for both small, uniform grains and larger 
non-uniform grains. The effect of the interactions is that non-uniform grains of 0.1 
iim in size that usually form vortex like domain structures now have uniform domain 
structures. This effect is noticeable in cases when the grains axis of magnetostatic 
anisotropies are aligned with each other, or in a randomly differing direction. 
Magnetostatic grain interactions in 2-d arrays increase the effective field in the space 
between the grains. The field within grains is much less than the field in the adjacent 
cell outside the grain boundary. The effects of these positive interactions is to slightly 
increase the field within the grains and thus rotate the moments and make the grains 
more uniform. The strong fields at the array edges and corners have to curl and deflect 
the magnetisation to improve flux closure. However, for grains > 0.15 ,um , it is 
observed that in the 2-d interacting arrangement they still have vortex like domain 
structures. Field maps here show that the field is still contained within the grains, 
and the effect of the constructive positive interactions are not large enough to cause 
re-alignment of the moments, like in the 3-d assemblages. 
6.7 Conclusion 
This chapter has shown how the effective magnetostatic fields cause positive interac-
tions between uniform and non-uniform cubic magnetite grains with uniaxial anisotropy. 
It has also demonstrated that field maps like these will be a useful tool in conjunction 
with better resolution MFM techniques when imaging PSD magnetite. 
Chapter 7 
Discussion 
This chapter collates, summarises and explains the results of the previous chapters. 
It also compares the findings of this study with previous experimental and theoretical 
work. 
The effect of Interactions on Domain Structure 
Previous work into the effect of interactions on magnetite grains such as Williams 
(1995) have modelled individual magnetite grains within an assemblage to be single 
cells. The model used in this study has been a first attempt to look at the effect of 
interactions upon non-uniform magnetite grains, since representing the grains as a 
number of sub-cells (even at small resolutions) has allowed us to increase the size of 
the grains, entering the realm of non-uniform PSD grains. 
Chapter 3 demonstrated that even at low-resolution, it is possible to see the same do-
main structures emerging as is seen in the much higher resolution models produced 
by (for instance) Williams and Wright (1997) and Fabian et al. (1997). That is, the 
cubic magnetite grain with uniaxial anisotropy undergoes a change from SD uniform 
structures at the smallest grains sizes (< 0.05 gm), through a flower like state and then 
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to vortex structures (around 0.1 pm) and then emerging as multi-domain structures for 
larger grains. 
Chapter 4 dealt with grains in close proximity to each other. Here, a test of how much 
the spacing between adjacent grains affects the domain structure is made. A simple 
test considering four 0.1 pmgrains in a 2x2 arrangement is considered. Even using 
grains at a low resolution and altering the spacing to the minimum achievable, that is 
one cell width between grains, it is clearly demonstrated that the domain shapes of 
these grains change from their usual states to more complex forms. 
Two distinct cases of geometric arrangement of grains were considered. Firstly, when 
the easy axis of magnetocrystalline anisotropy of each grain were aligned parallel to 
every other grain in the ensemble, and secondly where the easy axis of each grain was 
in a randomly differing direction. 
The purpose of this distinction was two-fold. Firstly, to see if the effect of aligning the 
axis will change the resulting domain structures of interacting grains and secondly to 
construct an analogy with magnetosomes produced by bacteria as found in sediments. 
Here, the magnetosomes are precipitated from solution by the bacteria and gaps be-
tween grains are created by dissolving the magnetite. 
Chapter 4 examined assemblages of magnetite cubes in 3-d arrays. From these results 
it is observable that at separations of greater than or equal to one grain width, the grains 
maintain the expected domain states observed in grains of the same size isolated from 
other grains. When the spacing is reduced, there is an evident change in the domain 
states that are attained on minimisation of the energy of the array. For all grain sizes 
(0.03 - 0.15 pm) looked at in the study of 3-d assemblages, there is a change in the 
domain structure. 
When interacting, Single domain grains maintain their uniform characteristics, but 
unlike the well-spaced cases, the grains do not appear to behave independently from 
one another. For the two cases examined (grains aligned such that their easy axes 
are aligned and grains randomly oriented), it is evident that the grains influence each 
other. Grain moments rotate to maintain a flux circuit within the array of grains. In 
particular, for grains at the corners and edges of array, flaring of the moments can be 
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seen. This is a similar effect that is seen in grains of around 0.07 ttm, where a flower 
structure forms to improve flux closure around the grain, and minimise the energy 
within the grain. Here, the effect is exaggerated throughout the array, and the moment 
of the grains at the corners of the array are pointing in a similar fashion to improve 
flux closure around the array itself. For hysteresis cases when the field is applied along 
the easy axis, and the grains are in the aligned configuration, there is a tendency when 
the applied field is 0 T for grain moments to align themselves parallel to the easy 
axis. This preferential alignment can also be interpreted as an attempt to minimise the 
energy within the array. 
Even when the field is applied along the hard axis this tendency is observed, but less 
noticeable, due to the field being applied in an orthoganol direction to the easy axis. 
However, even the moments of some grains still are able to rotate to be parallel to the 
easy axis, regardless of the applied field direction. 
Randomly oriented grains will rotate to align themselves along either the easy-axis or 
toward the direction of the local field, depending on which rotation of moments will 
be energetically favourable. 
Larger isolated grains, greater than 0.07 pm, form non-uniform structures on nucle-
ation such as vortex like structures. The most interesting changes that arise as a result 
of interactions occur to domain structures of these grains. Well spaced 0.1 ttingrains 
will form vortex like solutions on minimisation. Reducing the spacing to a minimum 
there is a change from these non-uniform like states to more uniform solutions. Here, 
grain moments again try to align themselves parallel with the easy axis. Grains in the 
corners form non-uniform structures. Moments from one grain can curl, and the effect 
of the curling of the magnetisation is often carried over the dividing space into an adja-
cent grain. Slices through the arrays reveal that non-uniform behaviour of these closely 
spaced grains only occurs to grains at the edges of corners of the array. This is because 
grains in these positions will have less nearest-neighbour magnetostatic fields acting 
upon them. Under the influence of smaller fields and subsequently lesser torques try-
ing to force these moments into a more uniform configuration, they are able to revert to 
some of their characteristic non-uniform structures that would be expected for isolated 
grains of this size. 
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By virtue of their structures, non-uniform grains such as vortices have a lower rema-
nence. The direct consequence of this change in domain state to more uniform domain 
configurations is an increase in the remanence of non-uniform grains. 
Arrays of grains arranged in a two dimensional grid behave in a similar fashion. 
At the OT point in a hysteresis cycle, well-spaced uniform grains align themselves 
parallel to the axis the field is applied along. Larger grains form the expected domain 
structures for their dimensions. 
When decreasing the spacing to one-cell width, it is seen that the grain moments now 
attempt to point within the plane of the array, even when the external field is applied 
into/out of the plane. Also evident are grains attempting to maintain flux circuits at 
the edges of the array. For all sizes, the moments of grains at the edges of the slabs 
are seen to curl such that there are few free poles pointing out of the slab. This occurs 
to minimise the energy as much as possible and provide a flux closure. Non-uniform 
grains below 0.15 imchange their domain structure to become more uniform. Grains 
above this size maintain their original domain structures, interactions having no effect 
upon the domain structure. This must arise because grains smaller than 0.15 Arnhave 
larger interaction fields between them, and hence can influence adjacent grains to such 
an extent as to drastically alter the domain state. 
Larger grains are dominated by the magnetic anisotropy energy. This contribution far 
outweighs the effects of interaction fields acting upon the grain due to adjacent grains. 
Each grain therefore forms a domain state un-influenced by its neighbours. This is 
not seen in the grains arranged in the three-dimensional arrays. This is because each 
grain in a three-dimensional array will have more nearest-neighbour grains, and will 
be under the influence of an interaction field of greater magnitude. 
To examine the contribution the nearest-neighbour moments have on the strength of 
domain structure, the following tests were carried out on a 0.1 micron grain, which will 
form a vortex-like structure upon minimisation (figure 7. la). The tests were carried out 
under no external field. 
Surrounding the grain with a layer of magnetite moments one-cell thick separated by a 














Figure 7.1. The Effect of nearest-neighbour moments on domain structure. A 0.1 
pmgrain (a) with no external field will form a vortex structure upon minimisation. Surround-
ing the grain by a skin of cells changes the domain state (no ext. field). (b) Slice through the 
ZY plane at X=5, (c) slice through the XY plane at 1=5 (correspond to mid-points of grain). 
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Figure 7.2. The Effect of nearest-neighbour moments on domain structure. 0. 1mgrain 
surrounded by a skin of moments two cells thick. (a) Slice through the ZY plane at X=6, (c) 
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Figure 7.3. The Effect of nearest-neighbour moments on domain structure. O.lpmgrain 
surrounded by a skin of moments four cells thick. (a) Slice through the ZY plane at X=8, (c) 
slice through the XY plane at Z=8 
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Figure 7.4. The Effect of nearest-neighbour moments on domain structure. 0.1zmgrain 
surrounded by a skin of moments six cells thick (equivalent to one grain-width). (a) Slice 
through the ZY plane at X= 10, (c) slice through the XY plane at Z= 10 
gap of one-cell width (figures 7.1b and c) changes the domain structure from this vortex 
to a different, non-uniform state. Moments at the edges of the grain are interacting with 
those in the surrounding layer, trying to align themselves parallel to these surrounding 
moments. The moments in the middle of the grain are still curling. 
Doubling the layers thickness now dramatically changes the domain structure (figures 
7.2 a and b). The grain now has a much more uniform structure, but with some flaring 
of the moments in the corner of the grain. 
At a layer thickness of four cells (figures 7.3a and 7.3b) the grain is completely uni-
form, but now the thickness of the layer is sufficient for the layer to develop domain 
structures. The layer is interacting with the grain, and itself, to provide adequate flux 
closure and energetically favourable solutions: Flaring of the moments in the corner of 
the ensemble and curling of moments to reduce free poles at the edges of the ensemble. 
A layer thickness of six-cells is equivalent to surrounding the grain in the middle with 
other grains (figure 7.4). The resultant case when surrounding a grain with a layer of 
six cells thickness is like the solutions seen for the 3-d arrays in chapter 4. The grain 
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has a highly uniform domain state; the surrounding moments of the grain have aligned 
themselves in such a way as to maximise the flux closure around the assemblage and 
minimise the energy by aligning parallel to the X (easy) axis. 
Clearly, the effect of interactions upon domain state is such that the larger the number 
of nearest-neighbour moments to a grain, the larger the interaction field between grains 
and hence the grain will undergo more radical changes in domain state. 
The effect of interactions on hysteresis parameters 
In chapter 4, arrays of cubic grains in 4x4x4 geometrical arrangements were exposed 
to external fields to simulate hysteresis. 
Figure 7.5 shows a comparison of remanences for arrays of grains in 4x4x4 arrange-
ments. For grains with their anisotropy axes aligned, the saturation remanence in-
creases when the grains are at a minimum spacing and are interacting. The effect of 
interactions is to keep the remanence at a near constant value, demonstrated by the 
linear arrangement of the values in figure 7.5. The reason this occurs is outlined when 
comparing the remanence values with the domain structures attained by these interact-
ing grains. Larger, non-interacting grains form non-uniform structures and hence their 
remanences are lower. As outlined above in the previous section, the effect of interac-
tions on larger grains which have their anisotropy axis aligned is to make the domain 
state more uniform. This is why the remanence increases. The exact opposite effect 
is seen when examining grains with randomly oriented anisotropy axes. Grains have 
higher remanences when non-interacting in comparison with grains of the same size 
that are interacting. The reason for this can also be explained by examining the domain 
structures formed. In the aligned case, there is a strong preference for the moments 
within the grains to align themselves parallel to the easy-axis. If the external field is 
applied parallel to this direction, the effect will be accentuated. The magnetostatic 
fields will constructively interact to aid the alignment of the moments. Examining 
plots of hysteresis cycles when the field is applied parallel to the easy and hard axes 
demonstrates a large increase in remanence when the field is applied parallel to the 
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easy-axis. 
However, with the random case, each orientation of the grain is mutually independent 
from each other grain. Each interaction field of the grain may or may not aid an 
adjacent grain to align itself with the preferential direction of this grain. Thus, in this 
interacting case, grains have more freedom to nucleate structures than in comparison 
with the aligned case, in which the interactions produce a preferential alignment with 
the easy axis. Hence, the effect of interactions is to lower the remanence in the random 
case, since there is no preferred direction of alignment. However, it should be noted 
that (as explained in chapter 3), this is not a truly arbitrary orientation of the easy-
axis of magnetocrystalline anisotropy, but a random orientation of an orthoganal axis. 
For correct convergence of results in this study with previous work, it is necessary to 
perform these calculations, and the effects are shown in figure 7.6. Comparing these 
results with those of Williams (1995), there is good agreement. Figure 7.6a looks 
at SD interacting and non-interacting grains. Williams (1995) gives a M 5 /M5 of 0.5 
for non-interacting, random grains and a Mrs/Ms Of almost zero for interacting grains. 
The 0.03 Mingrains in figure 7.6a when interacting have a Mrs/Ms Of almost 0.5 and 
when interacting of around 0.08. The discrepancy between the values of Mrs/Ms for 
the Williams (1995) interacting model and the interacting model in figure 7.6a is due 
to the inter-particle spacing. The inter particle spacing in this model is 1/6 grain width, 
whereas in the Williams (1995) case it is 0.05 grain width. As the separation in the 
Williams (1995) model increases, so does the Mrs/Ms . See figure 7.6b. The results 
shown in chapter three are calculated to give a good analogy with grains that can be 
grown or etched, such that their easy-axes are parallel with a grain edge. 
Another question to be answered from inspecting the values shown in figure 7.5 is why 
the results for non-interacting aligned grains are mostly lower than non-interacting ran-
dom grains. This can be explained by looking at how the values differ. The smallest 
grains have the least difference. At saturation, the smallest grains form SD structures. 
As the field is decreased and then reversed, the magnetisation of the grain will switch, 
and then the moments will still be parallel with the direction of the applied field - re-
gardless of whether the anisotropy axes of the grains are aligned or randomly arranged. 
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However, larger grains have very different values due to their ability to nucleate in dif-
fering directions because of their arrangement of easy-axes. That is, as the moments 
rotate from their saturated states to the zero-field state, some grains will have the ma-
jority of their moments pointing in a direction counter to the direction of the applied 
field, thus altering the contribution of each grain to the remanence. 
Coercivity is also affected by the presence of interactions in 3d arrays. Figure 7.7 is 
a comparison of interacting/non-interacting 4x4x4 arrays for the two cases of aligned 
and random easy axes. The aligned case shows that interactions increase the Coer-
civity, with the results diverging more as the grain sizes increase and non-interacting 
structures become less uniform. For non-interacting grains, there is a drop in coerciv-
ity as the grains become larger, implying the grain magnetisation directions switch at 
a lesser field as the grains become less uniform in characteristic, as would be expected 
(Enkin and Williams 1990, Williams and Dunlop 1995). This is not seen in the inter-
acting, aligned case. This is because the grains are becoming strongly interacting as 
they become larger in size. The interactions have a pinning effect on the rotation of the 
moments, thus increasing the field required to switch the magnetisation. This effect 
is also seen in the case where the grains have randomly oriented easy axes. However, 
pinning of the moments is less marked as in the aligned case. This is because due to 
the random orientation of the easy axis, the preferential alignment of the moments of 
the grain is less, and therefore a lesser field is required to switch the magnetisation 
compared with the interacting aligned case. 
Chapter 5 looked at the effect of interactions on cubic magnetite grains in 6x6 and 4x4 
geometric arrangements (2-d arrays). Grains were set to be interacting, at a spacing of 
one-cell width; or non-interacting, that is well spaced at a distance of one-grain width 
apart. 
From figure 7.8 it is obvious that the effect of interactions is to lower the remanence of 
magnetite grains with their anisotropy directions aligned. Results for 0.07 pragrains 
were only calculated for the aligned case, where the effect of increase remanence was 
observed for interacting grains. This was to clarify any trends in the results at the 
grain size where (typically) non-unifrom domain sturctures start to emerge for non-
interacting grains. There is little difference between the values for randomly aligned 
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Figure 7.6. Comparison of hysteresis plot for 3d-arrays of cubic magnetite with truly 
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grains. When examining the effect of interactions on the coercivity on the grains (fig-
ure 7.9), the trend is for interactions to lower the coercive force required to switch the 
magnetisation of the grains. 
Summarising, interactions in 3-d assemblages aid the alignment of moments with an 
easy axis within a grain to minimise the energy of the array by improving the flux 
closure of the entire ensemble. In cases where easy-axes of the grain are parallel to 
every other grain in the array, this effect is accentuated. The consequence of this 
is that non-uniform grains tend to become more uniform, increasing the remanence 
of the grains and the coercive force required to switch the magnetisation. However, 
grains at array edges can still maintain non-uniform domain characteristics. Grains 
arranged in thin film arrays display the same changes in domain structure as the 4x4x4 
arrangements, that is alignment of moments, flux circuits within the slab and non-
uniform grains becoming more uniform in their domain structure. As in the 3-d case, 
grains at the array edges still maintain non-uniform domain structures. However, at 
0.15 zrnthe anisotropy energy of individual grains now has a dominant contribution to 
the total energy of the grain. The effect of magnetostatic interactions from adjacent 
grains is less than in the 3-d case, since there are fewer grains surrounding each and 
every grain, and therefore interactions are not sufficient to change the domain state, as 
seen in the 3d case for these larger PSD grains. Hence the remanence and coercivity 
values for interacting and non-interacting grains in 2-d arrays do not differ radically. 
The norm is considered to be when interactions will decrease the remanence and not 
sufficiently alter the coercivity of an interacting case compared to a non-interacting 
case. The special case is when the grains are aligned such that their axes of magne-
tocrystalline anisotropy are aligned. This will produce an increase in remanence, and 
also help pin the moments of the grain, raising the field at which the magnetisation 
will switch in an external field. 
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Comparison with previous theory and 
experimental results 
Since the resolution of current imaging techniques are too low to allow visualisation 
of sub-micron domain structures, it could be argued that comparison of theoretically 
calculated hysteresis parameters with experimentally determined values is the only 
method by which confirmation of theoretical results can be achieved. 
Figures 7.10,7.11,7.12 and 7.13 are bi-logarithmic plots of coercivities and saturation 
remanences for this study and previous experimental and theoretical studies. The the-
oretical studies chosen for comparison are Willliams and Dunlop (1995) and Wright 
et al. (1996) because they use similar algorithms and methods to calculate the hys-
teresis cycles. There are two values for Williams and Dunlop (1995) at 0.1 Amand 
0.2 btrnwhere  they applied fields along hard and easy axis. In former case, a lower 
remanence was calculated, however the latter case produced a higher remanent state 
Experimental data (Heider et al. 1987, Dunlop 1986 and King et al. 1997) are cho-
sen only from grains that are grown so that they are defect free and have no external 
stresses on them. 
The data show a wide scatter in the PSD range - in fact at first glance they would not 
yield any particular information, nor trends. However, careful examination shows that 
there is very good agreement for non-interacting grains and the previous micromag-
netic models by Wililiams and Dunlop (1995) and Wright et al. (1996). Trends seen 
for these larger grains are seen continued in the grains examined in this study. 
In Figure 7.10 there is good continuation of the trends seen by Williams and Dunlop 
(1995) and Dunlop's (1986) experimental measurements. Comparing values of coer-
cive force reveals less of a distribution of theoretical values (figure 7.11). 
The most interesting convergence between this study and previous work is that be-
tween grains arranged in 2-d arrays and those produced by King et al. (1996) in which 
they are etched using electron beam lithography. This method allows stress free grains 
to be produced. It also allows the manufacturer control over the spacing of the grains. 
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Inter particle spacing can be set to ensure the grains are interacting/non-interacting. 
A comparison of remanences for 2-d arrays modelled in this study and those of King 
et al. (1996) are shown in figure 7.12. Non-interacting grains in an aligned or random 
arrangement of easy-axes have a M 5 /M5 of around 5, and it can be seen that for grains 
of 0.1 pmthere is excellent agreement between this study and King et al. As the grain 
size increases there is a drop in remanence (as seen in single grain models such as 
Williams and Dunlop 1995), and then the grains maintain a slightly varying Mrs/Ms . 
There is little variance between the Mrs/MS for interacting and non-interacting grains 
in the findings of King et al.. King (1996) reports that, due to the lack of variance 
in these results, interactions in grains produced by electron beam lithography have no 
effect on the domain structure. Clearly, from this theoretical study, there is a marked 
change in the domain structure of PSD grains in 2-d arrays that are less than 0.15 tmin 
size. Comparing the coercivities for 2-d arrays with King et al.'s experimental results 
show an excellent extrapolation of the trends measured by them (fogure 7.13), and 
other authors. 
The convergence of this study with previous studies gives the best indication that the 
reasons behind the changes in domain structures and remanences, considered earlier 
in this chapter, can be substantiated. 
The effect of initial guess on interactions and 
resultant domain configuration 
Previously it has been shown in this chapter that the effect of interactions between 
magnetite grains has been to make the domain structure more uniform, and lower the 
remanence and coercive force unless the grains have aligned anisotropy axes, in which 
case the remanence and coercive force will increase. However, in this aligned case, the 
geometric configuration of the initial guess (all grains in a saturated state) may force 
the grains into different AEMs. To test this, different initial guesses were used. 
An array of 4x4x4, 0.1 pmgrains of resolution 6x6x6 cells at a separation of one-cell 
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width (0.017 m) will be interacting. Chapter 4 shows the effect that the interactions 
have. 
Setting the initial guess to be that of figure 7.14, with the grains set to be SD with 
their moments alternating to pointing in the positive/negative z direction (z axis is 
set to be the easy axis in these cases), figure 7.15 is the fully minimised solution at 
zero external field. Subsequent minimisation using the final structure seen in figure 
7.15 as the initial guess produced the structure seen in figure 7.16. There are noteable 
differences between the two which suggests that the structure seen in figure 7.15 is not 
a true AEM, but possibly a LEM. Not putting the arrays through hysteresis cycles can 
cause anomalies like these to occur, since there has been no field applied, which will 
ensure final solutions are AEM. 
The presence of interactions between the grains has allowed the moments of the grain 
to rotate to lie in the XY plane, even though the initial guess was set to have the 
extreme up/down opposition of moments. Grains at the edges of the moments rotate 
to lie parallel with the z-axis, and form closure circuits. Further minimisation allows 
the grains away from the vertices to rotate to be parallel to the z-axis. 
Up/down opposition in columns, figure 7.17, allows minimisation to be parallel to 
the z (easy) axis (figure 7.18). The third initial guess, figure 7.19 combines both 
up/down opposition of grains moments in both rows and columns, parallel to the pos-
itive/negative z directions. Again, subsequent minimisation of the final structure pro-
duced negligible differences in the final solution. The presence of interactions here 
and the preference for the grains to align themselves with the z (easy) axis allows any 
up/down opposition in this direction to be overcome, and hence all the grains rotate to 
align parallel to the z-axis (figure 7.20), unlike the first case (figures 7.15,7.16) which 
did not arrive at an AEM on the first minimisation. 
Interactions will try to rotate moments of the grain to aid minimisation such that there 
are energetically favourable solutions that also provide good flux closure, regardless 
of the initial guess. 
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in figure 7.14 
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Implications 
Biomagnetic Magnetite 
Magnetite is precipitated as magnetosomes by bacteria. Using the magnetic signal 
contained within the magnetosomes, the bacteria can 'navigate' through their environ-
ment. The magnetosomes are typically 60-100 nm in size and form chains of up to 30 
particles (Petersen et al. 1986). They also form in clusters of closely oriented grains 
(figure 7.21). 
The orientation of the magnetosomes is believed to be of considerable importance, 
particularly if the alignment of the easy axis of the grains is considered. Experimen-
tal work by Moskowitz et al (1993) suggests that a higher magnetic signal is attained 
when the magnetosomes align themselves along their easy axis, as compared with 
magnetosomes extracted from clusters by a dis-solution method and then randomly 
re-assembled. Prosksch and Moskowitz (1994) attributed this rise in remanence for 
aligned grains because of positive interaction between these single domain grains, in-
creasing the switching field required for a reversal, and therefore their coercivities. 
The magnetic coupling the chain experiences is so strong that the chain can behave as 
a single particle. 
This effect has also been seen in this study: grains assembled in arrays such that their 
easy axes are aligned will show positive interactions such that there will be a rise in 
remanence. 
This of course provides an insight into why bacteria prefer to produce magnetosomes 
in chains and clumps. A bacterium will want to produce a grain of magnetite that 
will record a large field at a minimum expense of energy during manufacture. Precip-
itating grains of 60-100nm (0.06-0.1 pm) in interacting chains and clumps with their 
easy-axes aligned must be an energy efficient method of creating high-fidelity signal 
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Figure 7.21. Biogenic Magnetite. (a) Chains of rhombic like magentosomes, - 60nm 
diameter. (b) Smaller chain, grains 75nm across. (c) The bullet shaped grains are 60nm 
across. Note hexaganol clusters. (d) Enlargement of two bullet shaped grains, - 60nm length. 
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Figure 7.22. Projected storage targets. The red line shows how using giant magnetoresistive 
heads (GMR) and magnetoresistive heads (MR), IBM have manufactured products allowing 
up to 4 Gbit/sq inch. The blue line shows experimental results, not yet in production. The 
projected requirement for the year 2000 are 10 Gbits/sq inch using this technology. (After 
IBM Research, March 1998). 
Recording Media 
As computers become smaller and more powerful, the need for larger data storage 
capacity increases. 
Currently, the smallest disc drive with the highest capacity holds 4 Gbits of information 
per square inch (IBM press release, 4/3/1998). Figure 7.22 shows the projected storage 
targets of the next century are predicted to be of the order of 10 Gbits of information per 
square inch of space on a computer hard disc (Doerner 1997). One way to achieve this 
target is to use small grains, but there is a minimum size limit on the smallest grains 
that can be used, in terms of plausibility of manufacture and the superparamagnetic 
threshold. 
Spontaneous reversal of the magnetisation of a SD grain is unlikely. This because 
the volume dependent magnetoelastic, crystalline and shape energies are less then the 
energy barrier for a reversal, /\.E. 
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However, at small volumes, the total energy of the grain will be reduced to '-.' LE, 
and thus thermal fluctuations "- kBT will be enough for the energy of the grain to rise 
above /E and the grain will spontaneously reverse. The size limit from grains at this, 
the superparamagnetic threshold, is given by: 
\ 
d3 	
E =fo exp—I 	 (7.1) 
GBT) 
Where fo  is the frequency factor arising from the cumulative effect of agitations, which 
is 10 9s. This gives an experimental limit in the size of a magnetite grain of about 
0.025 - 0.03pm (Dunlop 1973a). 
Other ways to achieve better fidelity for larger grains must be considered. At present, 
the trend in the recording industry is to use clumps of grains in parallel layers. Typ-
ically, Cr and Co alloys are used, preferably non-interacting grains. It is found that 
grain interactions cause coupling between them, which results in non-coherent rota-
tions of the grains and therefore increases the signal-to-noise ratio of the magnetic 
recording. Random orientation of the grains is shown to reduce exchange coupling be-
tween the grains, as does isolating the grains from each other. This can be achieved by 
using patterned media where grains are specifically placed in isolated positions, or by 
using Cr that differentiates into two distinct isotopes on precipitation (Doerner 1997). 
Around the edge of the grain a non-magnetic layer forms, thus there is no magnetic 
contact between grains (figure 7.23). 
A more popular trend is to look at perpendicular orientation of particles, in which 
the grains are stacked one on top of the other to achieve an increase in remanence 
and coercivities. However, it is not known if switching of the moments within the 
chain is coherent. This study has shown that interactions between grains can pin the 
moments to increase remanence in certain situations; however, close inspection of 
hysteresis loops shown in chapters 4 and 5 shows smooth transitions of magnetisation, 
with few jumps and jog of the curves. This would tend to suggest (and from analyses 
of intermediate domain states during reversals examined in this study) that rotations of 
moments throughout an assemblage of interacting grains is coherent. 
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Figure 7.23. Chromium Particles. This shows a schematic diagram of randomly arranged 
SD chromium particles. On precipitation, the Cr differentiates into two distinct isotopes, one 
magnetically susceptible, the other not. Thus, adjacent particles in close proximity will be 
magnetically isolated, and this will reduce magnetostatic interactions and increase recording 
fidelity. (Doerner 1997) 
This study has shown that aligning grains such that their easy axes all point parallel to 
each other will increase the remanence of grains that are around 0.1 an 0.15 min size. 
Creating arrays of interacting grains (patterned media) could provide a break through 
in record density and fidelity. It is, however, quite humbling to think that nature beat 
us to it, by aligning magnetosomes in this fashion to increase the recording fidelity. 
Summary 
Summarising research and findings in thesis study for cubic magnetite grains with 
uniaxial magnetocrystalline anisotropy: 
. Results for single, isolated grains are similar in comparison with other theoreti-
cal models. 
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• The effect of interactions on domain structure is to make non-uniform grains 
more uniform in their appearance, characteristics and recording behaviour. 
• Interactions decrease the remanence and coercive force of magnetite grains, un-
less the grains have their easy-axes aligned, in which case due to the change in 
domain structure, the remanence and coercive force increase. 
The strength of the interaction field is proportional to the number of nearest-
neighbour moments. 
• At a spacing of more than one-grain width, the magnitude of the interaction field 
from a grain is sufficiently low for it to have no effect on adjacent grain(s). 
• The micromagnetic model used in this study gives results that converge towards 
not only similar models, but also experimental findings. 
• Alignment of easy-axes increases the remanence in PSD grains - a phenonemop 
witnessed in bacterial magnetite chains, and this has an implication in the devel-
opment of high density magnetic recording media. 
Chapter 8 
Conclusions and comments 
8.1 Conclusion 
This study has examined the effect of magnetostatic interactions between cubic PSD 
magnetite grains with uniaxial shape anisotropy. 
It has achieved this by representing grains of magnetite as 6x6x6 cells or 4x4x4 cells 
placed in regular geometric arrangements of 4x4x4, 4x4 or 6x6 grains. The distance 
between the grains can be adjusted to allow the grains to be fully interacting, or com-
pletely non-interacting with one another. This model is a considerable improvement 
over previous models examining interactions because of the higher resolution of each 
grain, it allows larger, non-uniform grains to be examined. It is also a very versatile 
model, since it can look not only at symmetric 3-d shapes, but 2-d regular grains as 
well. 
Using the model to examine only individual magnetite grains result in similar domain 
structures and hysteresis parameters for PSD grains as those produced by Williams & 
Dunlop (1995) and Williams & Wright (1997). This provides a firm grounding for the 
rest of the research. 
Grains arranged such that the spacing between them is equal to one grain-width attain 
IM 
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the same domain structures as individual, isolated grains. These well-spaced grains 
also give similar hysteresis parameters when compared with previous experimental 
(e.g. Dunlop 1986b, King et al. 1996) and theoretical results (Williams & Dunlop 
1995 and Williams & Wright 1997). 
Changing the spacing to be a minimum, that is one cell-width apart, the domain struc-
tures change in such a way as to make the domain structure of larger (~! 0.1 pm) grains 
more uniform, attempting to align them with an easy axis and attempting to minimise 
the energy of the ensemble by rotating magnetisation directions of the grains in such a 
way as to maximise flux closure. 
This change in domain state has a consequential effect upon the hysteresis parameters. 
The effect of interactions when grains are arranged such that every easy-axis of the 
grain is in a randomly differing direction from every other grain, is to decrease the 
remanence and coercive force. When grains are arranged such that their easy axes 
are aligned parallel with every other grains, an application of an external field in the 
direction of the easy axis will increase the remanence of interacting grains compared 
with non-interacting grains. 
Experimental findings have always attributed anomalous remanences in clumps of 
grains to be due to magnetostatic interactions between the grains. Indeed, this study 
has shown this as well - but clumps of grains will be randomly assembled. Aligning 
non-uniform grains such that their easy axes are parallel with one another will increase 
the recording ability of the grains by raising their remanence and the coercive force re-
quired to flip the magnetisations. This phenomena is observed in bacterial magnetite, 
where magnetosomes can be found in interacting chains to increase the recording abil-
ity. A further implication of these findings is in the magnetic media recording industry. 
Higher aerial density can be achieved by using patterned media such that grains are 
closely spaced and have their easy axes aligned. 
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8.2 Comments and suggestions 
In this study a model has been developed to examine the influence of magnetostatic 
interactions on the magnetic properties of magnetite. Yet, with the advent of greater 
computer modelling power at an almost exponential rate, even this low resolution in-
teraction model could be repeated in the very near future using far greater resolutions. 
The results were obtained using a serial machine (SGI R8000 Power Indigo), which 
although by the standards of the computers of today is a powerful tool, implimentation 
on scalable parallel processing machine would have increased the speed of the calcu-
lations. However, to quote Wyn Williams "...If we have a faster machine, we'd just be 
looking at bigger problems."; which ties in two further suggestions for increasing the 
accuracy of these results. Firstly, increasing the resolution of each grain. This will give 
more accurate domain structures and better values of remanence and coercive force. 
Secondly, increasing the number of interacting grains in each array. When looking at 
arrays of 4x4x4 (64) grains it could be argued that this number of grains is not enough 
to provide a statistical average - particularly when setting each grain to have a ran-
domly aligned easy axis. Increasing the number of grains will give a better statistical 
average. 
This study considered regular spaced, cubic magnetite grains. From Williams & Dun-
lop (1995), Williams & Wright (1997) and King (1996) changing the shape by elonga-
tion of a grains can increase the remanence. It would be interesting to see how inter-
acting elongated grains behaved. From the findings of this study, it could be postulated 
that interacting, aligned, elongated grains would have a greatly enhanced remanence 
and recording fidelity. The number (or volume) of interacting grains in proximity to 
one another has an effect on a domain structure, and by positioning grains using a 
nano-engineering technique, it could be possible to create a tailored patterned media 
that could have excellent recording attributes. A more flexible method of masking cells 
would have to be developed to allow these patterned media to be modelled. 
The algorithm developed in this model uses a rather simple method which does not 
consider spaces between the grains. It quite simply assigns a particular cell to have 
no material parameters. However, this still requires memory to be set aside by the 
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machine, which has the value of zero. This is therefore computationally expensive 
and in-efficient. A far better method to employ would use the fact that the interaction 
co-efficients are calculated at the beginning of an iteration, and since it is just this 
information that is required by masked cells, it is not necessary to allocate memory 
storage for null sets of exchange and anisotropy energy for these blank cells. Hence, 
the algorithm will be faster since it will perform the calculations with less cells, and 
use less memory - allowing increased resolution. 
Adding magnetostrictive and magnetoelastic terms to the calculation, along with vari-
able grain shapes would allow a fully functional model of a system of magnetite grains. 
This would provide the best micromagnetic model of magnetite grains, and is a viable 
implmentation to make in the future, considering the current trends in increasing com-
puter processor power. 
Appendix A 
Interaction co-efficients 
This appendix looks at the derivation of the interaction coefficients required for the 
calcualtion of the magnetostatic energy, described in chapter 2. A full description of 
this method can be seen in Wright et al. (1996), and Rhodes and Rowlands (1954). 
The magnetostatic energy is derived from the energy of a magnetic dipole. 
	
Edipol e = —/ z 0m H 	 (A.1) 
where m is the magnetisation vector of a particular dipole and H is the field due to 
every dipole. 





(A.2)   
1 ) 4irp0r3 
where r is the distance between dipole centres, 0 is the angular orientation and M is 
the dipole magnetic strength. 
This force is long ranged and non-linear, and so every dipole within a volume will in- 
teract with every other. Therefore, N 3 volume element will require N 6 calculations 
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to evaluate the total energy due to the magnetostatic interactions. Obviously, this is 
extremely computationally intensive, so there are two ways employed to cut down the 
number of calculations. Firstly, to resolve the dipoles into charged sheets and calcu-
late the effects of these interacting sheets (Rhodes and Rowland 1954) and secondly 
implement a fast Fourier transform (FFT) alogrithm (Wright et al. 1996). 
If we consider two sheets, s 1 and s2 , each with charges al and cr 2 , the interaction 
energy is given by, 
E = 0'2 f f V(x 2 , Y2,  z2 ) dx 2 dy2 	 (A.3) 
where V(x 2 , Y2,  z2 ) is the potential at some point (x 2 , Y2,  z2 ) on the sheet s2 due to the 
charge, cr 1 , on the sheet s 1 . It follows, 
a 	b 
V(x2, Y2,  z2 ) = a1 
j f 
((x 2 - x 1 ) 2  + (Y2 - y) 2 + z) 	(A.4) 
where a, b are the lengths of the x, y sides of the sheets, or the width of the sub-cells. 
A one dimensional model need only consider parallel sheets, but a three dimensional 
approach needs to consider both parallel and orthogonal sheets. Rhodes and Rowlands 
describe the effect of parallel interacting sheets as a function .T(x, y, z), which can be 
further extended to provide a function for orthogonal sheets, (x, y, z) 
For parallel sheets 
2.T(x, y, z) = z 2 x sinh —1 	
X 	
+ x 2z sinh ' 
y 2 + z2 (2 + y2) + 
Y 2z sinh(z/y) 
+y2x sinh'(x/y) + xyz tan-' 
((X 2 + Y 2  + z2 ) h/ 2 Y) 
xz 
2 2 	 122 
+y (x 2 + y 2 + z 2 )"2 + x (x + y 2 )'12 + z2(y2  + z2 )"2 
- y 2x sinh( X_)—y 2z sinh( Z  
x 2 +y2 - y 2 + z2
FXYZ 
(x2 +Z 2 )(x 2 + y2 + z2)'/2 2y2(x2 + 
_y2(y2 + z 2 ) 2 	 (A.5) 
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for interaction between pairs of x - y planes. For interacting orthogonal planes the 
integral to be evaluated is similar to equation A. 3 except that for an xy plane interacting 
with an xz plane the integration in equation A.3 is now over x and z. The result 
can be represented in terms of a function g(x, y, z): 
g(x, y, z) = xyz ln(p + x) + X2  ln(p + z) + x2z ln(p + y) 
13 	2 	 13 +y ln(x +y 2)"2 +z ln(x2  -i.- z 2 ) '/2 12 12 
In ((Z2 + 	+ y) +Y In( (Z2 + 	+ z) 
tan_1() + y   tan'() 
yz 	2 	xz 
1 	1pz 1 
tan (-) + — zy(y 2 ± z2 ) 112 xy 	3 
_xyz ln(y2 + z2)112 - 	ln(p + z) - 	ln(p + y) 
1 	 1 2 	2 -- x 2 y ln(x2  + y2)'/2 - — x z ln(x + z2)1/2 - 	In(y) 4 4 
—z 3  In(Z) - 	x(x2 +3 Y2  + 3z 2 ) - pzy 	 (A.6) 
where p = (x 2 + y2 + z2 ) 1 / 2 . 
From symmetry, the functions for interactions between other orthoganol plates can be 
found. 
The convolution theorem requires the interaction between the sub-cube at position 
i = 1, j = 1, k = 1 each of the other sub-cubes. The interaction coefficients in 
terms of the functions between this sub-cube at position (1,1,1) and a sub-cube at 
co-ordinates i = a, j = b, k = c is given by, 
W# 7 = 2[c(+a,b,2z+c)±c(±a,b,c)±c(a,b,A+c)± 
9(a,+b,c)+9(2+a,L+b,2A+c)+9(2+a,A+b,c)± 










and from symmetry 
W(c3,'y) = W 11 	 (A.7) 
W(a,9,7) = W('y,i3,a) 	 (A.8) 
The coefficient WOO is given by: 
Wf = 2[(F(2A+a,A+b,2A+c)+F(2A+a,L\+b,c)+ 
4F(A+a,A+b,A+c)+(a,A±b,2A+c)+F(a,A+b,c)+ 
T(2A + a, b, A + c) + 
.F(A+a,b,2A+c)+LT'(A+a,b,c)+F(a,b,A+c)+ 
T(2A+a,2A+b,A+c)+F(A+a,2A+b,2A+c)+ 
.F(A + a, 2A + b, c) + .'F(a, 2A + b, A + c)] - 
4[F(2A+a,A+b,A+c)+F(A±a,A+b,2A+c)+ 
(2A+a,b,2A+c)—F(2A+a,b,c)---4.T(A+a,b,A+c)+ 
.T(a, b, 2A + c) - (a, b, c) - ..F(2A + a, 2A + b, 2A + c) + 
F(2A+a,2A+b,c)-4F(A+a,2A+b,A+c)+ 
F(a, 2A + b, 2A + c) + .F(a, 2A + b, c) 
In the following, W1 ,W2 ,W3 ,W4 represent the interaction coeffecients between parallel 
and orthogonal sheets, and a, b, c denotes the position of the second sub-cube, i = a, 
j = b, k = c. 
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Because the limits of integration of equations A.3 and A.4 have to be split differently 
depending on the relative positions of the interacting sheets the following conditions 
have to be taken into consideration, and we introduce a new interaction coeffecient, 
W5 ; 
When i' 	1,j' =A 1,k' = 1 
W = W = 0, W = W*a^t and Waa = W, W = Wff, W = WJ 
When = 1,j' 	1,k' =A 1 
WO = W, W = W = 0 and Wao = W, W66 = Wf, W 
When i' 0 1,j = 1,k =A 1 
When i' =A 1 j' = 1, k' = 1 
W = W = W = 0 and W = W, W = W OO , W = W] 
When i' = 1,j' = 1,k' =A 1 
W = W = W = 0 and W = W, W = W, W = W 
When i' = 1,j' =A 1,k' = 1 
W = W = W = 0 and WC = W, W = W, W = W 
W 	= 4[9(A,2+b,+c)+c(A,3,A+c)+ 
+ b, -y) + g(z,L\ + b, 2A + C)] - 
2L + b, 2L + c) + g(A, 3, 2L + c)] 
And from symmetry W*( a, ,@, y) = W*(/3 ,  a) 
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W*afl( a, 3,) = W*( y,  3, a) 
The coefficient W1 1313 is given by, 
W1 = 4(2.F(/, A -i- b, ) - .F(A, b, ) - .T(L, 2L + b, Li)) 
and from symmetry 
Wi(a,/3,'y) = W 1 (9 ) 'y,a) 
Wi (a,fi,y) = Wlll 
The coefficient Wff is given by: 
W = 
F(a,A,A)] 
And from symmetry 
W(a,,B,'y) = W 21f('y,j3,a) 
W(a,fi,'y) = W 28f(/3,a,'y) 
W = W22 Wj = W2b W = W2a 
The coefficient W3 1310 is given by 
Wr = 2(F(2L\+a,0,2A+c)-2F(2L+a,0,i+c)+2.F(L+a,0,c)-
2F(L + a, 0, 2L + c) + 4F(L + a, 0,A + c) - 2.F(L + a, 0, c) + 
F(a,0,2+c) - 2T(a,0,L+c) +F(a,0,c)) - 
Appendix A. Interaction co-efficients 	 199 
2(F(2A + a, A, 2A + c) - 2T(2A + a, A, A + c) + 
F(2A+a,A,c)-2F(A+a,A,2A+c)+4}(A+a,A,A+c)-
2F(A + a, A, c) + F(a, A, 2A + c) - 2.F(a, A, A + c) + 
.F(a, A, c)) 
And from symmetry 
W(a,3,'y) = W3 (c,'y,i3) 
W3 (a,0,'y) = W3 (3,a,'y) 
Wf = 2[((2A+a,A+b,2A+c)+F(2A+a,A+b,'y)+ 
4F(A+a,A+b,A+c)+F(a,A+b,2A+c)+(a,A+b,y)+ 
F(2A + a, 3, A + c) + 
F(A + a, 3, 2A + c) + F(A + a, 3, 'y)  + F(a, j3, A + c) + 
(2A+a,2A+b,A+c)+LT'(A+a,2A+b,2A+c)+ 
F(A + a, 2A + b, 'y) + .F(a, 2A + b, A + C)] - 
4[F(2A+a,A+b,A+c)+F(A+a,A+b,2A+c)+ 
F(A+a,A+b,'y)+F(a,A+b,A+c)]- 
F(2A + a, 3, 2A + c) - .F(2A + a, 3, 'y) - 4F(A + a, 0, A + c) + 
F(a, /3, 2A + c) - .F(a, 0, 'y) - F(2A + a, 2A + b, 2A + c) + 
(2A+a,2A+b,'y)-4(A+a,2A+b,A+c)+ 
.F(a, 2A + b, 2A + c) + P(a 2A + b, 'y) 
And from symmetry 
W4(c,0,'y) = W 4 (a,'y,/3) 
W4(a,0,'y) = W4(7,a,0) 
Appendix A. Interaction co-efficients 
	
200 
The coefficient Wff is given by, 
Wf = 2(F(2A+a,A+b,A)-4F(A+a,A+b,A)+2F(a,A+b,A) 
—.'F(2A + a, b, A) ± 2.F(A + a, b, A) - .F(a, h, c) 
—.T(2A + a, 2A + b, A) + 2T(A + a, 2A + b, A) - F(a, 2A + b, c)) 
And from symmetry 
W(a,3,'y) = Wff(f,a,'y) 
Wf(a,/3,'y) = Wff('y,/3,c) 
W5 V (Ce, = Wf(3,y,a) 
W(c,i3,y) = Wf(a,"y,i3) 
W(o,i3,'y) = Wf('y,c5) 
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